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ABSTRACT

Nanostructured materials with superior physical properties hold promise for the
development of novel nanodevices. Full potential applications of such advanced materials
require accurate characterization of their physical properties, which in turn necessitates
the development of computer-based simulations along with novel experimental
techniques. Since controlled experiments are difficult for nanoscale materials and atomic
studies are computationally expensive, continuum mechanics-based simulations of
nanomaterials and nanostructures have become the focal points of computational nanoscience and materials modelling.
In this study, emphasis is given to predicting the mechanical behaviour of carbon
nanotube (CNT), graphene, nanowire (NW), and nanowire encapsulated in carbon
nanotube (NW@CNT), which are important nanostructures in a variety of real-world
applications such as aerospace, automotive, MEMS/NEMS, and electronics. Using elastic
continuum models, nonlinear transverse vibration and postbuckling behaviour of CNTs
and graphenes embedded in polymer medium is studied. The source of nonlinearity
comes from the van der Waals (vdW) interactions between adjacent layers as well as
between surrounding polymer medium and carbon-based nanostructure, in which the
latter is investigated for the first time in literature. Euler-Bernoulli and Timoshenko beam
theories are employed to model CNTs while classic Kirchhoff plate theory is used to
model graphene sheets (GSs). A nonlinear function in terms of the graphene or CNT
deflection is derived from the interfacial cohesive law to describe the interfacial
interactions preserving true nonlinear nature of the vdW forces. Harmonic balance
method is successfully employed to solve the nonlinear governing equations and provide
parametric and explicit equations for predicting nonlinear resonant frequencies and
postbuckling equilibrium path of the embedded CNTs and GSs. Unlike linear analysis
results, the resonant frequencies and postbuckling loads are deflection dependent. The
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surrounding medium effect on the vibrational and buckling behaviour of these embedded
carbon-based nanostructures have been studied systematically. Regarding NWs and
NW@CNTs, the effects of surface elasticity and residual surface stress on the stiffness,
vibration and buckling of these nano structured materials are investigated using EulerBernoulli and Timoshenko beam models to reveal their size-dependent properties. The
vdW interactions between the NW and CNT at the interface of NW@CNT are accurately
described by using the cohesive Law. Effects of axial load, size, boundary conditions and
mode shape number on the vibration and buckling of above mentioned nanostructures are
discussed in detail.
The quantitative and parametric analysis in this study may contribute to a better
understanding on the mechanical behaviour of these nanostructures, thus leading to a
better design in real applications.

Keywords: Carbon nanotube, graphene sheet, nanowire, nanowire encapsulated in carbon
nanotube, van der Waals forces, nonlinearity, vibration, buckling, surface effects,
harmonic balance method.
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CHAPTER

1

Introduction

1.1.

Background, motivation and literature review

The world is currently challenged by a new industrial revolution called Nanotechnology.
Nanotechnology helps us to make lighter, stronger, cleaner, less expensive, and durable
products that hold promise for almost all sectors of the economy. As Cientifica Ltd.
reported in Sep 2011 [1], governments around the world have invested more than
US$67.5 billion in nanotechnology funding since 2000. Near US$250 billion dollars will
have been invested in nanotechnology by 2015 when private funding is taken into
account.
Research communities in universities and industries in Canada should help this
country to become a world leader in nanotechnology through fundamental studies and
innovations and benefit from its applications in energy, heavy industries, material
sciences, medicine, communications, information technologies and etc. [2]. Research,
development, and engineering of various nanostructured materials are vital for a stable
commercial progress of nanotechnology alongside the present scientific research. It is
clear that engineering applications of nanostructured materials require accurate
characterization of their physical properties, which in turn necessitates development of
computer-based simulations along with novel experimental techniques.
It is commonly believe that nanostructured materials possess superior mechanical,
electric, and thermal properties as compared with their macroscopic counterparts, which

2
have attracted tremendous attention from research and industrial communities. For
example, the extraordinary mechanical properties of some nanostructured materials make
them as promising candidates as fillers in nanocomposites. During the past decade,
several methods have been pursued to investigate and characterize the physical properties
of nanostructures. Since controlled experiments are difficult for nanoscale materials and
atomic studies are computationally expensive, many researchers have resorted to
continuum mechanics models to study the mechanical behaviour of nanostructures. These
continuum mechanics based models have been claimed as “amazingly robust and allow
one to treat even intrinsically discrete objects only a few atoms in diameter”[3]. Thus,
continuum mechanics is able to simulate nanostructures accurately and efficiently enough
and provides closed form and parametric solutions for such systems while preserving the
simplicity. On this regard, more specified references will be cited in each following
chapter.
In the current thesis, a fundamental study will be carried out to characterize the
mechanical properties of different nanostructured materials including carbon nanotube
(CNT), graphene sheet (GS), nanowire (NW), and nanowire encapsulated in carbon
nanotube (NW@CNT) with a core-shell structure. CNT is a hollow cylindrical structure
with diameter on the scale of nanometres. It is made-up of concentric graphitic shells and
has been found to exist in both single-walled and multi-walled forms. For the first time,
Iijima [4] in 1991 reported a new type of finite carbon structure composed of needle-like
tubes, with diameter of 4 to 30 nanometers and length of up to 1 micrometer. These tubes
were synthesized on carbon electrode in a vessel filled with argon by using DC arcdischarge evaporation technique. Fig. 1(a) shows a high-resolution electron micrograph of
these multi-walled carbon nanostructures. Graphene as shown in Fig. 1(b) is a planar
sheet of sp2-bonded carbon atoms in the form of linked hexagonal rings. Such a twodimensional carbon structure is one of the most promising nanomaterials ever discovered,
and the Physics Nobel Prize in 2010 was awarded to A. Geim and K. Novoselov for
“groundbreaking experiments regarding the two-dimensional material graphene"[5].
Graphene can be wrapped up into fullerenes, rolled into nanotubes and stacked up to
produce three-dimensional graphite. Although graphene has a very short history, it has
attracted tremendous attention from research communities recently due to its
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extraordinary mechanical, electrical and thermal properties [6-8]. “Nanowires are the
hottest property in nanotechnology [9]”. NWs are the structures that have an
unconstrained length but a diameter or thickness constrained to tens of nanometers or
less, which could be non-conductive (e.g., TiO2, SiO2), semiconductive (e.g., Si, GaN,
InP, etc.), and metallic (e.g., Au, Ni, Pt). Figure 1(c) shows an SEM image of W18O49
nanowires.
Both CNTs and NWs have shown excellent properties and some potential applications
as reported in literature. Recently, interesting nanostructure has been synthesized [11], as
shown in Fig. 1(d), in which metal atoms in NW are encapsulated in CNT. This kind of

Fig. 1.1
( a) Electron micrograph of carbon nanotubes with five or two layers [4], (b)
SEM micrograph of a graphene crystal showing zigzag and armchair edge [5], (c)
SEM image of W18O49 nanowires [10], (d) TEM image of the nickel-encapsulated
nanowire [11].
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metal filled carbon material provides potential applications in heterogeneous catalysis,
nanodevices, electromagnetic wave absorption, high-density magnetic data storage
devices and sensors for magnetic force microscopy, etc [11-17]. However, there is very
limited investigation on predicting the mechanical properties of this kind of
nanostructures. In literature, molecular dynamics (MD) has been used to investigate the
stretching [18-21], buckling [22-24], torsion [25, 26], and oscillation [27, 28] of CNTs
filled with metal NWs. The results in these studies indicate that these core-shell
nanostructures exhibit different properties from their pure constituent structures.
A vast area of novel applications of all these above mentioned nanostructures includes
aerospace, automotive, lithium-ion batteries and fuel cells, biomedical, sensors,
MEMS/NEMS and computers. Due to extremely high stiffness and negligibly small
weight, they could be used as nano-sensors, nano-actuators, and composites
strengtheners. The application of carbon-based nanostructures embedded into polymer
media as nanocomposites notably improves the properties of host materials. For example,
it has been reported that such materials rank among the best in comparison with other
composites in terms of mechanical and thermal properties [29-38]. These extraordinary
physical properties make graphene- and CNT-based polymer composites as promising
candidates for many potential applications as photocatalysis [39], lithium-ion batteries,
fuel cells, and sensors [40], electronics [41], transparent conductors [42], and
supercapacitors [43].
In order to fulfill the potential applications of these nanostructure-based polymer
composites, it is essential to accurately predict their mechanical properties. In particular,
considerable efforts have been devoted to investigating the vibrational and buckling
behaviour of CNT, graphene, and their embedded counterparts in polymer matrix, which
has become a hot topic recently [44-116]. Here, a brief review is carried out which covers
some relevant literatures while more specific references will be cited in each following
chapter.
Different models have been developed by researchers in order to increase the accuracy
of the modeling of these nanostructures in both free-standing and embedded cases [44116]. In literature, there exist two common models for predicting the resonant frequencies
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and buckling behavior of CNTs, i.e., the elastic shell models [44-46, 61, 70, 75-78] and
elastic beam models [65-69, 79-82]. The graphene is usually modeled by plate theories
[84-89, 94-110], in which some of them [100-102] conducted the vibration analysis of
graphene embedded in an elastic medium with the consideration of the orthotropic
properties of graphene. In order to incorporate the small scale effects, the nonlocal
elasticity theory has also been adopted by some researchers to study the vibrational and
buckling behavior of CNT [66, 78, 80] and graphene [84-87, 89, 99-102, 105-109]. For
example, it has been reported that the nonlocal plate model is necessary in the vibration
analysis of graphene sheets with a length less than 8 nm [105]. Among these studies,
Timoshenko beam theory [66, 80-82] and Mindlin plate theory [102] was used to model
CNT and graphene, respectively, in order to consider shear deformation. In addition,
higher order shear deformation plate theory in which the displacement field is expanded
up to the third order of the thickness coordinate was used by Pradhan and coworkers
[86,87] to get more accurate prediction on the vibrational and buckling behavior of a
graphene sheet.
On the other hand, it is well known that nonlinearity is observed in almost every
phenomenon around us. At the end of the nineteenth century, H. Poincaré [117] initiated
the first study of nonlinearity effect on macroscopic systems. Nowadays, we know that
nonlinearity effect is essential for realistic design and more accurate description of
systems. However, less is known for the nonlinear behavior of the nanoscale systems. It is
worth to mention an intrinsic source of nonlinearity in the nanostructured materials as
mentioned above, i.e., the van der Waals forces. From the physics and structures of
multiwalled CNT and multilayered graphene, it is known that the adjacent layers in these
structues are connected by means of the van der Waals (vdW) forces. Accordingly, it is
essential to incorporating the nonlinear vdW interaction in modeling the mechanical
properties of both CNTs and graphenes. However, earlier works only considered the
linear approximation [61-68, 71-79, 81-85, 95-100, 103-109, 111-116]. Until recently,
there have been several investigations on the matter of different aspects of nonlinearities
for CNT and graphene. Considering the geometric nonlinearity caused by large transverse
displacement, Yan et al. [70] predicted the nonlinear vibration behavior of a DWCNT
based on Donnell's cylindrical shell model with linear vdW force interaction between the
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inner and outer tubes. A similar problem was analyzed by Ke et al. [80] by using nonlocal
Timoshenko beam theory. The nonlinear vibration of a DWCNT aroused by the nonlinear
interlayer vdW forces was studied by Xu et al. [69]. The nonlinear postbuckling behavior
of CNTs under large strain has also attracted great attention from some researchers [4547].
In addition, there are also a few numbers of nonlinear studies on graphene. For
example, Sadeghi and Naghdabadi [88] modeled the geometrical and material
nonlinearity in dynamic response of a graphene sheet. Shen et al. [89] employed a
nonlocal plate model to study the nonlinear vibration of a simply supported SLGS with
geometrical nonlinearity. Recently, Jomehzadeh and Saidi [101] studied large amplitude
vibrations of single, double, and triple layer graphene sheets with different boundary
conditions based on the von Karman plate model and the Eringen’s nonlocal elasticity
theory. Wang et al. [110] studied the nonlinear vibration of MLGS induced by the
nonlinear vdW forces between any two adjacent layers and large deflection of each layer
in which harmonic balance method was used to solve the nonlinear motion equations of a
DLGS with simply supported boundary conditions. The nonlinear amplitude–frequency
relations of DLGSs were derived in their study. Setoodeh et al. [102] studied large
amplitude vibration of an orthotropic SLGS based on nonlocal elasticity theory and
Mindlin plate model. Mianroodi et al. [94] introduced a membrane model which is
capable of modeling the nonlinear vibration of SLGS by including the effects of
stretching due to large deflection. In their work, finite difference method was used to
solve the nonlinear governing equation numerically with different boundary and initial
conditions.
When GSs and CNTs are embedded in polymer matrices, the surrounding medium
effect on their vibrational behaviour was usually described by Winkler linear springs with
different arbitrary values for the stiffness of spring in literature [44, 61, 66, 76, 77, 79, 81,
82, 84, 96, 99, 118]. However, such interfacial interaction governed by the vdW forces as
well as the interlayer vdW interaction between adjacent layers are intrinsically nonlinear
as discussed by Jiang et al. and Lu et al. [119,120]. To my best knowledge, it appears that
the influence of these intrinsically nonlinear vdW forces on the dynamic behaviour of the
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embedded carbon-based nanostructures have not been well studied thus far. Therefore,
the main objective of the current study is to incorporate the nonlinearity effects in the
vibration and buckling analysis of embedded carbon-based nanostructures.
Regarding NWs, it is well believed that due to their high aspect ratio of surface to
volume, surface effects may play an important role in their mechanical behaviour. For
example, it is commonly believed that surface effects, including residual surface stress
and surface elasticity, are responsible for the size-dependent mechanical properties of
nanomaterials [121-129].
NWs and NW@CNTs may be used as bending beam structures in device applications,
for instance, the atomic force microscopy (AFM) and biomedical sensors [16,130,131].
For these beam structures, it is necessary to study the static bending behaviour of the
NWs, such as the compliance or the stiffness of nanobeams. Despite the efforts in
synthesis of novel structured NW@CNTs and their potential applications, it appears that
quantitative understanding on their vibrational behavior has not been conducted thus far,
particularly with the consideration of surface effects. In addition, the basic sensing
principle of some nanosensors is based on the frequency shift when it is subjected to an
axial strain resulting from axial load. Therefore, the effect of axial load on the vibrational
behaviour of NWs and NW@CNTs with the consideration of surface effects is of
practical interest. Hence, investigation of static bending of NWs and also dynamic
bending of both NWs and NW@CNTs considering the surface effects is another objective
of the current research project.
To achieve my research goals, some fundamental simulations will be conducted to
investigate the nonlinear vibration and postbuckling behaviour of the above mentioned
carbon-based nanostructures embedded in polymer matrix using elastic continuum
models. The surface effects on the static and dynamic bending of NWs and NW@CNTs
are also being studied via continuum models. Due to the indispensability of the
fundamental studies on characterization of nanomaterials for their various applications,
the results of this research are expected to benefit scientific communities and industries
for better implement of nanotechnology.
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1.2.

Assumptions and limitations

This thesis will focus on investigating the vibration and buckling behavior of the above
mentioned nanostructures through continuum modeling, therefore, some assumptions and
limitations of the applied continuum models will be addressed. In addition, we will also
clarify the assumptions on the mechanical and geometric properties of these
nanostructures.
Regarding the carbon nanotube and graphene, the reported elastic modulus are so
scattered in literature and ranges from 1 to 5 TPa [132]. This discrepancy is known as
“Yakobson’s Paradox” [133]. By assuming the CNT thickness h equal to the interlayer
spacing of graphite, 0.34 nm, Young’s modulus reported in experiments, classical
molecular dynamics simulations, and first-principle calculations based on empirical
interatomic potentials is about E = 1 TPa [132,133]. However, Young’s modulus of
single-wall CNTs predicted by the linear elastic shell model together with atomistic
simulations is 4-5 TPa which is resulted from small and not-well-defined thickness [132].
In order to be able to compare the numerical results in this thesis with some existing
studies on the vibration and buckling of CNT and graphene using continuum mechanics,
it is assumed that the Young’s modulus and thickness of CNT are E = 1 TPa and h = 0.35
nm, respectively [79,81,82]. Also, the thickness of graphene sheet is taken as h = 0.34 nm
and Young's modulus is assumed as E = 1.02 TPa [97, 98, 100, 110].
Mechanical properties of nanowires are also chosen so that we can compare our result
with existing works on the vibration and buckling behavior of nanowires. Silver nanowire
is chosen in the case study; it has been reported that the elastic moduli for silver
nanowires ranged from 75.1 to 109.2 GPa [134]. Jing et al. [124], reported silver Young’s
modulus value of E = 76 GPa. Here, E = 76 GPa is chosen to have comparable results
with existing research works [124,135-137] on the vibration and buckling of silver
nanowire.
The equations of motion of CNT and NW are derived according to the Euler-Bernoulli
and Timoshenko beam theories. When the dimensions of the cross section are not small in
comparison to the beam length, shear deformation and rotary inertia effects which are
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neglected in Euler-Bernoulli beam theory (or thin beam theory) become very important.
Timoshenko beam theory (or thick beam theory) considers shear deformation and rotary
inertia effects. In Euler-Bernoulli beam theory the angular distortion of the cross section
due to the shear force is neglected compared to the bending deformation; it means that the
beam cross sections primarily normal to the neutral axis remain normal after deformation.
Moreover, in Euler-Bernoulli beam theory the rotation of the cross sections of the beam is
assumed to be negligible compared to the translation. The thin beam theory is usually
applied to beams with length-to-depth ratio larger than 20 and with small deflections
compared to the beam’s depth [138,139].
The governing equation for the vibration and buckling of a graphene sheet is derived
based on classical (or Kirchhoff) plate theory in which graphene is treated as a thin plate
with small deflections. According to the thin plate definition, the ratio of the thickness to
the smaller span length is less than 1/20. The assumptions associated with Kirchhoff plate
theory are analogous to those of Euler-Bernoulli beam theory. Mindlin plate theory, in
which rotary inertia and shear deformation effects are taken into account, is intended for
thick plates which is not the case for the graphene sheet considered in the current study
[139,140].
It should be noted that the beam and plate theories mentioned above are valid only for
small deflections [138-140]. The nonlinearity source in this study is from the interfacial
and interlayer vdW forces and the nonlinearity due to large deformation is not the scope
of the current study.
All the nanostructures studied in this research are considered as continuum structures,
therefore, different arrangement of the atoms in NW and the carbon atoms in CNT and
graphene are neglected. They are also considered as homogenous and isotropic materials.
Moreover, the cross section of all these nanostructures is considered to be uniform
through the length and the thickness of the graphene and CNT is also assumed to be
constant.
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1.3.

Objectives and scopes of thesis

This thesis aims to conduct a fundamental investigation on the mechanical behaviour of
some nanostructured materials. Main efforts are focused on investigating the nonlinear
vibration and postbuckling behaviour of CNT and GS embedded in a polymer matrix
aroused by the nonlinear vdW forces. Moreover, static and dynamic bending behaviour of
NW and NW@CNT considering surface effects is also studied. The objectives and scopes
of the present thesis can be specified by the following points.
On carbon nanotube (CNT) and graphene sheet (GS):


To study the nonlinear vibration and postbuckling of embedded CNTs and GSs

aroused by vdW forces by applying appropriate elastic continuum models (EulerBernoulli and Timoshenko beam model for CNT, and classic Kirchhoff plate model
for GS).


To have more accurate and more realistic estimation on the effects of vdW forces

derived from the interlayer and interfacial cohesive law. Comparison with the linear
approximation and representation of vdW forces is conducted.


To develop parametric and explicit equations for predicting deflection-dependent

nonlinear resonant frequencies and postbuckling loads of embedded CNTs and GSs in
comparsion with their free-standing counterparts. The effects of surrounding medium,
axial load, aspect ratio and mode numbers are investigated.


To capture different modes of vibration by considering interlayer and interfacial

vdW forces using different theories.
On NW and NW@CNT:


To analytically study the surface effects including surface elasticity and residual

surface stress on the mechanical properties of NWs and NW@CNTs.
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To accurately predict the vibrational and buckling behaviour of NWs and

NW@CNTs by using appropriate beam models. Effects of shear deformation and
rotary inertia are incorporated by applying Timoshenko beam theory.


To develop parametric and explicit equations for resonant frequencies and

buckling loads of NWs and NW@CNTs. The axial load and aspect ratio effects are
discussed accordingly.


To describe the vdW interaction between the NW and CNT at the interface of

NW@CNT and examine its effect on the vibrational behavior of this core-shell
nanostructure.

1.4.

Chapter summery and outline of thesis

This thesis is written in the integrated form in which each chapter is a standalone article
with introductory notes, literature review, problem definition, solution method, results
and discussions, concluding remarks and references.
The main content of this dissertation is covered in Chapter 2 through Chapter 7. In the
next two chapters, nonlinear vibration of embedded carbon nanotubes in a polymer
medium will be detailed. First, in chapter 2, the nonlinear vibration of a single-walled
carbon nanotube (SWCNT) embedded in a polymer matrix aroused by vdW forces using
elastic beam models is studied. The interfacial vdW forces are described by a nonlinear
function in terms of the deflection of the SWCNT. According to different beam end
conditions, the relation between deflection amplitudes and resonant frequencies of free
vibrations of the CNT is derived through harmonic balance method. This relation is found
to be sensitive to end conditions, diameters and lengths of the embedded CNT. The axial
load effect upon the vibrational behaviour of the CNT and postbuckling of the embedded
CNT are also discussed. Due to the influence of the surrounding polymer, the prediction
on the critical buckling loads and resonant frequencies for embedded CNTs is quite
different from that for free-standing CNTs. In addition, the applicability and accuracy of
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both Euler-Bernoulli and Timoshenko beam models are investigated. It is found that the
Euler-Bernoulli beam model may provide comparable results as the Timoshenko beam
model even for CNTs with smaller length-to-diameter ratios due to the constraint from
the surrounding medium.
Chapter 3 is dealing with the nonlinear vibration of a double-walled carbon nanotube
(DWCNT) embedded in a polymer matrix. In this chapter, the nonlinear vibration of an
embedded DWCNT aroused by nonlinear vdW interaction forces from both surrounding
medium and adjacent tubes is studied. Using both Euler-Bernoulli and Timoshenko beam
models, the relation between deflection amplitudes and resonant frequencies of the
DWCNT is derived through harmonic balance method. It is found that the nonlinear vdW
forces from the surrounding medium result in noncoaxial vibration of the embedded
DWCNT. The noncoaxial vibration includes both in-phase and anti-phase vibration
modes. It is found that the surrounding matrix has more prominent effect on the in-phase
vibration in comparison to the anti-phase vibration. The axial load effect on the
vibrational behaviour of the embedded DWCNT is also discussed. Due to the influence of
the surrounding polymer, the prediction on the resonant frequencies of embedded CNTs
is quite different from that for free-standing CNTs. A softening behaviour for the
deflection amplitude-resonant frequency relation is observed for the first time in the antiphase vibration of the embedded DWCNT, which can only be obtained by the
Timoshenko beam theory.
Chapters 4 and 5 aims to study the nonlinear vibration of embedded graphene sheets.
Chapter 4 is concerned with the nonlinear vibration and postbuckling behaviour of a
single layer graphene sheet (SLGS) embedded in a polymer matrix aroused by the
nonlinear vdW forces. Kirchhoff plate theory is employed to model the SLGS and the
interfacial vdW forces are described by a nonlinear function in terms of the graphene
deflection. Through harmonic balance method, the nonlinear relation between deflection
amplitudes and resonant frequencies of free vibrations of the SLGS and its postbuckling
equilibrium path are derived. It is found that variation of resonant frequencies of an
embedded SLGS is less dependent on the graphene aspect ratio and mode numbers as
compared with a free-standing one. In-plane load effects upon the vibrational behaviour
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of the SLGS and its postbuckling are also discussed. Simulation results have
demonstrated the significance of considering the surrounding medium effect and its
nonlinearity in the study of the vibration and buckling of the embedded graphene.
Chapter 5 investigates the nonlinear free vibration of a double layer graphene sheet
(DLGS) embedded in a polymer matrix aroused by the nonlinear vdW interactions based
on the classic Kirchhoff plate theory. Harmonic balance method is used to predict the
nonlinear relation between deflection amplitudes and resonant frequencies of the DLGS.
The embedded DLGS presents a hardening nonlinearity in both in-phase vibration and
anti-phase vibration modes. The surrounding polymer medium is found to have
significant effect on the resonant frequency, especially for the in-phase vibration mode.
Moreover, the variation of the resonant frequencies of an embedded DLGS is less
dependent on the graphene aspect ratio and mode numbers as compared with a freestanding one. Uni-axial and bi-axial in-plane load effects upon the vibrational behaviour
of DLGS are also investigated. It is concluded that due to the influence of the nonlinear
interlayer and interfacial vdW forces on the DLGS, prediction on both linear and
nonlinear resonant frequencies for the embedded DLGS is quite different from that for a
free-standing one.
Chapter 6 aims to introduce a model to predict the elastic behaviour of a bending
nanowire (NW) based on Timoshenko model considering surface effects. The explicit
solutions for both static bending and dynamic vibration are derived when the ends of NW
are simply supported. The influences of surface elasticity, surface stress, shear
deformation and rotary inertial on the mechanical properties of the NWs are investigated.
The stiffness of a bending nanowire is derived. Subjected to a constant axial force, the
resonant frequencies and the critical buckling loads are also predicted. In addition, the
applicability of Euler and Timoshenko beam models for the analysis of NWs with surface
effects are examined for different length-to-thickness ratios.
Chapter 7 is dealing with the vibration of a NW encapsulated in a CNT (NW@CNT).
Euler and Timoshenko beam models are applied to predict the resonant frequencies of
this core-shell structure, in which the surface effects of NW are considered. The vdW
interaction between the metal atoms and the carbon atoms at the interface of the
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NW@CNT structure is also simulated based on the cohesive law. The influence of the
surface effects, diameter, length-to-diameter aspect ratio, and axial load on the resonant
frequencies of NW@CNT is explored according to different end boundary condition. In
addition, the results of this core-shell structure are compared with its constituent
components in order to find the influence of the incorporation of external carbon atoms
on the vibration characteristics of the NW. It is found that the coating carbon atoms on
the NW surface increases the resonant frequency of the NW which is much more
significant for the slender samples with smaller length-to-diameter ratios. Moreover,
slender samples are more sensitive to axial load. It is also concluded that the resonant
frequencies of slender Ag@CNT are less dependent on the axial half-wave number and
end boundary conditions.
An overall conclusion is presented in chapter 8 to sum up all the topics discussed in
the thesis and to picture main contributions of this research project and possible ideas for
the future works. An appendix containing the copyright permissions granted to the author
to embed the articles in this thesis followed by the author’s Vita and list of publication is
also provided.
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CHAPTER

2

Nonlinear Vibration and Postbuckling
Analysis of Embedded Single-walled
Carbon Nanotube*

2.1.

Introduction

In recent years, researchers have advanced the field of nanotechnology at a phenomenal
pace since the discovery of carbon nanotubes (CNTs) by Iijima [1]. Extensive studies on
these novel materials have showed that carbon nanotubes possess exceptional mechanical,
electronic and thermal properties [2-7]. These extraordinary physical properties make
CNTs promising candidates for many potential applications as nanoelectronics,
nanodevices and nanocomposites [8-15].
Mechanical behaviour of CNTs, including vibrational behaviour, has become a
popular topic in numerous studies. Due to extreme difficulties in conducting experiments
on nano-scale materials and computing expensiveness of atomic studies, many
researchers have pursued the analysis of CNTs by continuum mechanics models. For
*

A version of this chapter is published in the Journal of Apllied Physics as: Mahdavi,
M.H., Jiang, L.Y., and Sun, X., 2009, "Nonlinear vibration of a single-walled carbon
nanotube embedded in a polymer matrix aroused by interfacial van der Waals forces,"
Journal of Applied Physics, 106 (114309).
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example, there are many available papers in which elastic beam models [16-23] and
elastic shell models [24-28] have been effectively used to predict resonant frequencies
and buckling behaviour of CNTs. Through these studies and many others, it has been
indicated that “the laws of continuum mechanics are amazing robust and allow one to
treat even intrinsically discrete objects only a few atoms in diameter’’[29].
It should be mentioned that most existing continuum studies of CNTs are linear
analyses. Until recently, there are several investigations on the matter of different aspects
of nonlinearities in CNTs. Fu et al. [19] studied the nonlinear free vibration of an
embedded multi-walled carbon nanotube considering the geometric nonlinearity of the
beam model. The surrounding matrix interaction force and the van der Waals (vdW)
interaction between two adjacent tubes were assumed to be linear. It was showed in this
work that the nonlinear free vibration of CNTs is affected significantly by the
surrounding elastic medium. The nonlinear vibration of a double-walled carbon nanotube
(DWCNT) aroused by the nonlinear interlayer vdW forces was studied by Xu et al. [18].
The deflection amplitude was revealed to decreases in square with the increasing of the
nonlinear coefficient of the interlayer vdW force. It was also shown that the nonlinear
factor of the vdW force has little effect on the coaxial free vibration but a great effect on
the noncoaxial free vibration. Considering the nonlinearity due to large transverse
displacements, Yan et al. [27] predicted the nonlinear vibration behaviour of a DWCNT
based on Donnell’s cylindrical shell model with linear vdW force between the inner and
outer tubes. The nonlinear postbuckling behaviour of CNTs under large strain has also
attracted great attention from some researchers [28, 30, 31].
Due to the fact that CNTs are often embedded in a polymer or a metal matrix in many
applications, considerable attention has turned to the mechanical behaviour of the
embedded single or multi-walled CNTs. The enhancement in stiffness and strength due to
the addition of CNTs in polymeric materials has been established [13, 15, 32-34].
Because electronic and transport properties of CNTs could be extremely sensitive to their
vibration modes and resonant frequencies, the investigation on the dynamic
characteristics and instabilities of CNTs is very significant for the application and design
of various nanodevices and nanocomposites, in which CNTs act as basic elements.
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Hence, the study of the vibration, frequency analysis and buckling of embedded CNTs is
a major topic of current interest [19-26, 34-38].
In the existing studies, the effect of the surrounding medium upon embedded CNTs
was commonly described by a Winkler-like model which was originally developed for a
fiber composite [39]. By using this model, the medium is assumed to act as linear springs
and the pressure at any point between the outer tube and the elastic matrix is linearly
proportional to the deflection of the outermost tube at that point [20-26, 35]. However,
the nano-scale interaction between the CNT and the surrounding medium at interface is
governed by the vdW force in the absence of covalent chemical bonds and mechanical
interlocking. This vdW force is intrinsically nonlinear and its nonlinearity might play an
important role in the vibrational and postbuckling behaviour of the embedded CNT,
especially when the relation between deflection amplitudes and the resonant frequencies
of CNTs is considered. To the authors’ knowledge, such an atomistic-based nonlinear
interaction effect has not been studied in the existing continuum modeling. Therefore, the
objective of the current work is to investigate the nonlinear vibration of an embedded
CNT aroused by the nonlinear vdW interaction forces from the surrounding medium
using elastic beam models. The effects of axial load and different CNT end conditions on
the nonlinear vibration of the embedded CNT are also examined. Moreover, the critical
buckling load and postbuckling behaviour are predicted to show the surrounding medium
effect. The obtained results indicate that the surrounding medium has a substantial effect
upon the vibrational and the stability behaviour of the embedded CNT.

2.2.

Analytical models and solutions

Since the classical Euler-Bernoulli beam model can give a simple and reliable prediction
on the mechanical behaviour of CNTs under some circumstances, the resonant
frequencies and postbuckling behaviour of the embedded CNT will be studied by this
continuum model. To capture the effects of rotary inertia and the shear deformation,
which are essential for frequency analysis either at ultrahigh frequencies or for CNTs
with low length-to-diameter aspect ratio [22], a Timoshenko beam model is also adopted
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Fig. 2.1
 A CNT embedded in an elastic polymer matrix composite. In equilibrium
state, the distance between the CNT and matrix is δe. When CNT deflects as w, the
lower matrix attracts CNT and the upper one repels it.
for comparison. Firstly, we formulate the nonlinear expression of the resultant pressure
exerted by the surrounding polymer matrix to the CNT from an interfacial cohesive law
[40] based on the vdW forces only.

2.2.1. Nonlinear expression of the vdW interaction forces
Fig. 2.1 shows the problem envisaged in the current work, in which a CNT is embedded
in the polymer matrix. In this study, the polymer surface roughness is neglected with a
flat interface between CNT and polymer. Moreover, it is assumed that the CNT is only in
interaction with the surrounding polymer and the effect of neighboring embedded CNTs
is negligible. In the absence of covalent bonds and mechanical interlocking between CNT
and polymer matrix, the interaction between the CNT and its surrounding medium comes
from vdW forces, which can be described by Lennard-Jones potential. Notice that the
radius effect of CNT upon the interaction potential energy is not significant [40], this
interaction between CNT and polymer matrix can be well estimated by the cohesive
energy per unit area between a graphene and a polymer matrix. Based on the Lennard-
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Jones potential, Jiang et al. [40] have derived a cohesive law for the interface with
cohesive energy being expressed in terms of the interfacial spacing δ as
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(2.1)


where ε is the energy at the equilibrium distance and 21/6δ0 is the equilibrium distance
between the interacting atoms, and the values of these two parameters vary with the
interacting atoms. If the polymer matrix is polyethylene for example, they take the values
ε = 0.004656 eV and δ0 = 0.3825 nm for the interacting carbon atoms of the CNT and the
–CH2– repeating unites of the polyethylene. C  3.8177  1019 atoms/m2 and

 P  0.3052  1029 molecules/m3 are the area density of carbon atoms on the graphene and
the volume density of polymer molecules, respectively. One can easily find the
equilibrium interfacial spacing δe from Eq. (2.1) as δe = (2/5)1/6δ0, and the interaction
force per unit area exerted on the CNT surface is derived as [40]
P   
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As argued by Ru [24] for the interaction pressure between different layers of carbon
nanotubes, the resultant interaction pressure exerted on the CNT defined per unit length
should be proportional to the circumferential dimension, for example the radius R of
CNT. Thus one can assume that the resultant interaction pressure per unit axial length
between CNT and the surrounding polymer matrix is p = −2RP(δ). Notice that this
resultant pressure is an odd function about the interfacial equilibrium spacing δe, similar
to the nonlinear pressure between adjacent tubes derived for the double-walled CNT [18],
the Taylor expansion of p at δe can be expanded up to the lowest-order nonlinear term as
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are the equivalent linear and nonlinear stiffness of the surrounding medium and the first
term P    0 in Eq. (2.3). The interfacial spacing change equals to the deflection w of
e

CNT, i.e., δ − δe = w.

2.2.2. Euler-Bernoulli beam model
In the Euler-Bernoulli beam model, the deflection w(x, t) of an elastic beam under
distributed lateral pressure p and constant compressive axial force F is governed by

EI
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x 4
x 2
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(2.5)


where the lateral pressure p comes from the surrounding medium as given in Eq. (2.3). E
and ρ are Young’s modulus and mass density of the CNT, and I and A are second moment
of area and cross-sectional area, defined for a hollow cylinder as
I
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with h = 0.35 nm [20-22] being the wall thickness of the single-walled CNT. By assuming
w(x, t) = W Y1(x) sin ωt with W and Y1(x) representing the deflection amplitude of the CNT
and the first vibrational mode of the system, respectively, Eq. (2.5) can be rewritten as

EI

d 4Y1  x 
dx

4

F

d 2Y1  x 
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  A 2Y1  x   1Y1  x    3 Y1  x  W 2 sin 2 t
3

(2.7)


Eq. (2.7) reduces to the governing equation of a linear system simply by letting α3 = 0.
Assuming Y1(x) = exp (λ1x) in which λ1 is the first eigenvalue of the linear equation, the
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first resonant frequency for the linear system can be obtained provided the end conditions
for CNT are given. It should be noted that the linear vibration analysis cannot determine
the deflection amplitudes of the free vibrational modes. However, the deflection
amplitude is frequency-dependent and can be determined by a nonlinear vibration
analysis. By using harmonic balance method [18, 41] Eq. (2.7) becomes
E1  FE2  E3 2  E4  E5W 2  0

(2.8)
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Through Eqs. (2.8) and (2.9), for the case of a linear vibration of CNT considering the
effects of both the linear vdW force (α3 = 0) and the axial force F, the first linear resonant
frequency ω1,LE predicted by the Euler-Bernoulli beam model is derived as
2
1,LE


EI 14  F 12  1
A

(2.10)


Particularly, if the axial load effect is ignored with F = 0, Eq. (10) can be simplified as
12
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which gives the same formula developed by Amin [22] et al. (2009) for the resonant
frequency of an embedded CNT. After simplification, the relation between the deflection
amplitude and the first nonlinear resonant frequency of a CNT embedded in a polymer
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medium aroused by the nonlinear vdW forces is given by the Euler-Bernoulli beam model
in the following form
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(2.12)


2.2.3. Timoshenko beam model
Once the shear deformation and the rotary inertia effects are considered, the vibration of
Timoshenko beam under a constant axial force F and a nonlinear lateral pressure p is
described by coupled differential equations,
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where w and ψ are lateral deflection and angular deflection of the cross section of the
beam with respect to the vertical direction. G = 0.5E / (1+ ν) is shear modulus with ν being
Poisson’s ratio. Since the present CNT is treated as a single beam with hollow annular
cross section, the dependence of the shear correction factor K on its cross-sectional shape
is determined as K = 2(1+ ν) / (4+3ν) [42]. The harmonic solutions of a Timoshenko beam
can be expressed as
w  x, t   W sin  t  Y1  x 

  x, t    sin  t  1  x 

Substituting Eqs. (14) into Eqs. (13) results in

(2.14)
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After manipulating Eqs. (15), the following decoupled governing equations can be
obtained for the Timoshenko beam
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Following the same procedure for the Euler-Bernoulli beam model, the relationship
between the lateral deflection amplitude W and the first nonlinear resonant frequency
ω1,NT of the embedded CNT predicted by the Timoshenko beam model is derived after
lengthy calculations
4
2
1,NT
 N11,NT
 N2  0

where

(2.18)
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It should be noted that the linear resonant frequency of the embedded CNT calculated by
the Timoshenko beam theory can be similarly obtained by letting α3 = 0 in Eq. (18).

2.2.4. Evaluation of the buckling load
In the analysis of postbuckling behaviour of structures, one of the most interesting
problems is to find out the relation between the applied loads and the deflection
amplitudes, the so-called postbuckling equilibrium path [43]. Considering a compressive
force acting on a column which increases from zero up to its critical value, as the amount
of force increases, the equivalent stiffness of the column will decrease and becomes zero
when the force becomes enough close to its critical value [44]. When the compressive
axial force equals to the first critical buckling load, the first natural frequency of the beam
becomes zero. Therefore, the relation between the axial buckling load and the lateral
deflection amplitude of the embedded CNT can be obtained by substituting ω = 0 into
Eqs. (12) and (18) for an Euler-Bernoulli beam and a Timoshenko beam, respectively. For
example, considering the nonlinear vdW force, the relation between the first postbuckling
load FNE and the CNT deflection amplitude W predicted by the Euler-Bernoulli beam
theory is derived as

FNE

3 W 2
 FLEcr  3 2
41
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cr
where FLE
  ( EI 14  1 ) / 12 is the first critical buckling load predicted for an Euler-

Bernoulli beam without considering the nonlinear effect of the vdW force, which is
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independent of the deflection amplitude. By letting ω = 0 in Eq. (18), the corresponding
relation between the first postbuckling load of an embedded CNT in a matrix and the
deflection amplitude predicted by the Timoshenko beam theory can be similarly obtained
from the following equation
2
FNT
 M1FNT  M 2  0

(2.21)
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Numerical results and discussions

According to different end conditions (simply supported support (S–S) and clampedclamped (C–C)) and length-to-diameter aspect ratios, the relationship between the
deflection amplitudes and the resonant frequencies and the postbuckling behaviour of the
embedded CNT will be studied using both Euler-Bernoulli and Timoshenko beam
models. In numerical simulation, it is assumed that the Young’s modulus, Poisson’s ratio
and mass density for the embedded CNT are E = 1 TPa, ν = 0.34, and ρ = 2.3 g/cm3,
respectively [20-22], and the surrounding medium of CNT is polyethylene.
Based on the Euler-Bernoulli beam model, the first vibrational modes are derived as
Y1  x   sin 1 x, 1 
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for the beam with S–S end condition and C–C end condition, respectively [45].
Substituting λ1 in Eqs. (23) and (24) into Eq. (12) results in the corresponding resonant
frequencies for the Euler-Bernoulli beam with different end conditions. Unlike the linear
vibration, these resonant frequencies relate to the deflection amplitudes. Without
considering the axial load effect, Fig. 2.2 shows the vibration amplitude versus the
resonant frequency f = ω/2π for an embedded CNT with diameter d = 0.7 nm and length L
= 10d using an Euler-Bernoulli beam model. When the deflection amplitude is zero, the
corresponding resonant frequencies aroused by the linear part of the vdW force are
determined as 0.7329 THz for the S–S end condition and 0.8875 THz for the C–C end
condition, respectively. For the case of the S–S end condition, when the deflection
amplitude increases from 0 up to 0.05 nm, the resonant frequency increases from 0.7329
THz to 0.8628 THz. This jump is more pronounced for the beam with the C–C end
condition, for example, the resonant frequency increases from 0.8875 THz to 2.7847 THz
with the deflection amplitude increasing from 0 to 0.05 nm. According to the results not
shown here, the amplitude increases by approximately 0.1723 nm for the S–S end
condition and 0.0006 nm for the C–C end condition along with the resonant frequency
increasing by 1 THz from the linear resonant frequency. It is obvious that the CNT
deflection amplitude has a higher sensitivity to the resonant frequency change for the S–S
end condition in comparison with the C–C end condition.
In order to reveal the CNT size effect on the nonlinear resonant frequencies and the
deflection amplitudes of the embedded CNT, the deflection amplitude-frequency curves
of CNTs with different diameters for both S–S and C–C end conditions of an EulerBernoulli beam are depicted in Fig. 2.3 for comparison. The length-to-diameter ratio is
kept constant as L/d = 20. It is indicated in this figure that the resonant frequencies of the
embedded CNT decrease with the increase of the CNT diameter for both S–S and C–C
end conditions. However, when the CNT size is relatively big, for example, d > 2.1 nm,
the CNT size effect upon the resonant frequencies is not significant. Moreover, the
deflection amplitude for a nonlinear vibrational CNT with larger diameter is higher for
any given resonant frequency. It is also found in this figure that the amplitudes for the
CNT with the S–S end condition are raised more rapidly along with the increasing
resonant frequencies. Based on the Euler-Bernoulli beam theory, Fig. 2.4 shows the
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Fig. 2.2
 Vibrational mode of an embedded CNT with different end conditions (d = 0.7
nm and L = 10d)

Fig. 2.3
 CNT size effect on the resonant frequencies of an embedded CNT with (a)
S–S and (b) C–C end conditions (L = 20d)
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Fig. 2.4
 Effect of CNT length-to-diameter ratio on the resonant frequencies of an
embedded CNT with (a) S–S and (b) C–C end conditions (d = 0.7 nm)
effect of the CNT length on the nonlinear resonant frequencies of an embedded CNT with
fixed diameter d = 0.7 nm for both S–S and C–C end conditions. It is found that the
resonant frequencies decrease with the increase of the length-to-diameter ratio. In
addition, for a given resonant frequency, the deflection amplitude for a nonlinear
vibrational CNT with higher length-to-diameter ratio is larger. However, when the lengthto-diameter ratio is big enough, for example, L/d > 30 in the current case, the resonant
frequencies do not change much. Similar to Fig. 2.3, the end condition has a significant
effect on the resonant frequencies.
Since the Euler-Bernoulli beam model may not provide accurate prediction for
thevibrational behaviour of a CNT when the length-to-diameter ratio is less than 20, the
Timoshenko beam model is also adopted to complement this study. The first vibrational
mode of the Timoshenko beam with the S–S end condition is the same as that of the
Euler-Bernoulli beam model in Eq. (23). Similarly, the deflection amplitude-frequency
relation can be determined through Eqs. (18), (19) and (23). Fig. 2.5 shows the nonlinear
resonant frequencies of an embedded CNT with d = 0.7 nm and L = 10d, obtained by both
Euler-Bernoulli and Timoshenko beam models with the S–S end condition. It is found
that the Timoshenko beam theory is capable of capturing two different frequencies as
discussed by Rao [45]. The smaller value given by the Timoshenko theory corresponds to
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Fig. 2.5
 Vibrational mode of an embedded CNT for different beam models with S–S
end condition (d = 0.7 nm and L = 10d)
the bending deformation mode which is very close to the resonant frequency given by the
Euler-Bernoulli beam model, while the larger one corresponds to the shear deformation
mode. The second Timoshenko resonant frequency does not change much with the
deflection amplitude. The Euler-Bernoulli beam theory does not account for the effects of
the shear deformation and the rotary inertia. As a result, it underestimates the deflections
and overestimates the natural frequencies for a linear vibration. The inset of Fig. 2.5
confirms this claim when the deflection amplitude is zero, which is equivalent to a linear
vibration with predicted resonant frequencies being 0.7251 THz and 0.7320 THz for the
Timoshenko beam model and the Euler Bernoulli beam model, respectively. For a
nonlinear vibration, as long as the deflection amplitude is smaller than a specific value,
0.0156 nm for example in the current case, the Euler-Bernoulli beam model overestimates
the resonant frequencies for the bending deformation mode. However, when the
deflection amplitude is higher than the above-mentioned value, the Euler-Bernoulli beam
model underestimates the resonant frequencies. A similar phenomenon was observed by
Ramezani et al. [46] when the shear deformation and rotary inertia effects are considered
for the nonlinear vibration analysis of a microbeam without the constraint of the
surrounding medium. It should be noted that for both Euler-Bernoulli and Timoshenko
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Fig. 2.6
 Effect of the axial load on the resonant frequencies of an embedded CNT (d
= 0.7 nm and L = 20d)
beam models, the resonant frequencies increase with the increase of the deflection
amplitudes.
The axial load effect on the vibrational behaviour of the embedded CNT with diameter
d = 0.7 nm and length L = 20d is plotted in Fig. 2.6 predicted by the Euler-Bernoulli beam
model for different end conditions. The axial load is applied as a compressive strain ε. As
expected, the resonant frequency decreases with the axial compressive strain since this
applied load softens the beam. Particularly, the linear resonant frequencies corresponding
to ε = 0, 0.1 and 0.2 are 0.6931 THz, 0.6568 THz, and 0.6183 THz for the S–S end
condition and 0.7043 THz, 0.6204 THz, and 0.5231 THz for the C–C end condition,
respectively. When this applied axial load equals to the first critical buckling load, the
resonant frequency decreases to zero as discussed in the previous section. Since the
curves for the C–C end condition are approaching the origin faster with the increasing
applied strain, it is expected that the critical buckling strain for the embedded CNT with
the C–C end condition is smaller than that of a CNT with the S–S end condition, which is
contrary to the fact of the critical buckling strain of a pure compressive column. Such a
discrepancy is believed to attribute to the surrounding medium effect, i.e., the second
cr
term in the first critical buckling load FLE
  ( EI 14  1 ) / 12 is dominant.
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Fig. 2.7
 Postbuckling behaviour of an embedded CNT with different end conditions
(d = 0.7 nm and L = 20d)
The effect of the nonlinear vdW force from the surrounding medium upon the
postbuckling behaviour of the embedded CNT is also examined. Fig. 2.7 shows the
postbuckling equilibrium paths for the embedded CNT with different end conditions. In
cr

this figure, the postbuckling load is normalized by the first critical buckling FLE load
cr
accounting for the linear vdW force only, which is obtained as FLE
  ( EI 14  1 ) / 12 in

the previous section. It is found that this postbuckling load increases with the deflection
amplitude and the beam end boundary condition has a significant effect upon this
postbuckling equilibrium path, i.e., the change of the postbuckling load causes a larger
change of the deflection amplitude for the S–S end condition. To check the beam model
effect upon the postbuckling behaviour, the deflection amplitude-postbuckling load curve
of the embedded CNT with d = 0.7 nm and L = 10d is shown in Fig. 2.8 for both EulerBernoulli and Timoshenko beams with the S–S end condition. The postbuckling loads
predicted by these two models are all normalized by the first critical buckling load FLEcr
obtained by Euler-Bernoulli beam theory. The normalized critical buckling load obtained
by the linear Timoshenko analysis is 0.995, which is smaller than the Euler-Bernoulli
analysis as expected. However, the postbuckling load predicted by the Timoshenko beam
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Fig. 2.8
 Postbuckling behaviour of an embedded CNT using different beam models
with S–S end condition (d = 0.7 nm and L = 10d)
is larger than that predicted by the Euler-Bernoulli beam when the deflection amplitude is
bigger than a specific value, 0.0095 nm for the current case for example, which may be
also attributed to the fact that the surrounding medium effect is dominant over the effects
of the shear deformation and rotary inertia.
In the following analysis, we will focus on the effect of the surrounding medium which
exerts a vdW pressure on the CNT surfaces. Fig. 2.9 demonstrates the variation of the
resonant frequencies with the length-to-diameter ratio L/d (d = 0.7 nm) for both a free
CNT and an embedded CNT using the Euler-Bernoulli beam with the S–S end condition.
It is found that the resonant frequencies decrease with the increase of L/d. When L/d is
big enough, the resonant frequency of a free CNT (no surrounding medium constrain)
approaches to zero as expected. However, the resonant frequencies of an embedded CNT
considering the linear vdW force (α1 ≠ 0, α3 = 0) and the nonlinear vdW force (α1 ≠ 0, α3 ≠ 0
and deflection amplitude W = 0.05 nm for example) are approaching 4.3383 THz and
5.1962 THz, respectively. The surrounding medium effect upon the applicability and the
accuracy of different beam models is also studied by comparing the variation of the
cr
cr
critical buckling load ratio FLT
of a Timoshenko beam to an Euler-Bernoulli
/ FLE
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Fig. 2.9
 Variation of resonant frequencies of embedded CNT with L/d (d = 0.7 nm)

Fig. 2.10
 Variation of the critical buckling load of an embedded CNT with L/d (d =
0.7 nm)
beam with the CNT length-to-diameter ratio L/d as shown in Fig. 2.10 for the S–S end
condition. It is well known that for a free CNT, the Euler-Bernoulli beam model can
provide comparable results as the Timoshenko beam model for the beam with large
length-to-diameter aspect ratio, for example, L/d > 20 as shown by the two lower curves in
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this figure. While considering the surrounding medium effect, the Euler-Bernoulli model
may provide accurate results as the Timoshenko model even for the beams with smaller
length-to-diameter ratios. This result agrees with the observation by Amin et al. [22] when
they used the Winkler model to describe the interfacial interaction. It is also observed in
this figure that the surrounding medium effect is sensitive to the CNT size. It is concluded
from Fig. 2.9 and Fig. 2.10 that a polymeric matrix has a substantial effect on the
vibrational and buckling behaviour of an embedded CNT, which can completely change
the expected behaviour of a free-standing CNT.

2.4.

Validation of the results

The harmonic balance method (HBM) is one of the most widely used methods for
nonlinear vibrations. In this section, accuracy of the presented HBM for solving the
nonlinear equation of motion is investigated through an example of an embedded carbon
nanotube. Since there is no result available in the literature for the nonlinear vibration
analysis of an embedded CNT due to the nonlinear interfacial vdW force, the nonlinear
free vibration of an embedded CNT due to the large deformation for which solutions exist
[19] is considered in order to validate the presented HBM approach.
Free vibration equation of an embedded nanotube considering the geometric
nonlinearity of structure is presented by [19]

 EA l  dw    2 w
d 4w
d 2w
EI 4   A 2  kw  
  dx  2
dx
dt
 2l 0  dx   x

(2.25)


in which k is the material constant of the surrounding elastic medium described by
winkler-like model. Fu et al. [19] employed the incremental HBM to find the numerical
solution of the above equation. Fig. 2.11 demonstrates the nonlinear amplitude frequency
response curves of a free (k = 0) and embedded (k = 108) SWCNT predicted by two
nonlinear methods. The results given by the present HBM technique match very well with
those obtained by Fu et al. [19] in the case of free and embedded vibration of SWCNT. It
can be seen that the present HBM overestimates the resonant frequency as compared to
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the incremental HBM. By the increase of amplitude vibration, the difference between
these two methods increases, especially for the embedded SWCNT. However, the
maximum error is less than 1.6%. It means that the present HBM is accurate enough for
nonlinear vibration analysis of free and embedded carbon nanostructures.
It should be mentioned that the current work aims to study the influence of
surrounding medium, i.e., the nonlinear interfacial vdW forces, on the mechanical
behaviour of embedded CNTs. To address this effect clearly, we studied the nonlinear
vibrational and postbuckling behaviour of an embedded single-walled CNT, in which the
nonlinearity is caused by the nonlinear vdW forces exerted by the surrounding medium
only. However, the methodologies developed in the current work can be extended to
study the nonlinear vibration and postbuckling of embedded DWCNTs or MWCNTs, in
which the intrinsically nonlinear intertube vdW forces should also be incorporated. The
nonlinear vibrational and postbuckling behaviour of DWCNTs or MWCNTs aroused by
both the surrounding polymer constraint and intertube interaction is our future
concentration.

NL/L, Dimensionless frequency

1.8
Present HBM method
Incremental HBM, Ref. [19]

1.7
1.6
1.5
1.4

k=0

1.3
1.2
1.1
k = 108

1
0

0.5
1
1.5
2
2.5
W/(I/A)^0.5, Dimensionless amplitude vibration

3

Fig. 2.11
 Incremental harmonic balance method (HBM) is compared with present
HBM for a free (k = 0) and embedded (k = 108) SWCNT. The largest error is below
1.6%.
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2.5.

Concluding remarks

In summary, the nonlinear vibration of an embedded single-walled CNT due to the
nonlinear van der Waals interaction forces from its surrounding polymer matrix is studied
through Euler-Bernoulli and Timoshenko beam models. The axial load effect and the
postbuckling behaviour of the embedded CNT are also investigated. The main results of
the current work are summarized as follows:
1. Due to the nonlinear interaction forces, the resonant frequencies of the embedded
CNT are deflection-dependent and the beam end condition has a significant effect
upon the deflection amplitude-resonant frequency curves.
2. Both the CNT diameter and length have a significant effect upon the vibrational
behaviour of the embedded CNT.
3. The axial load has a great effect upon the vibrational mode of the embedded CNT.
4. The nonlinear van der Waals interaction forces arouse the dependence of the
postbuckling load on the deflection amplitude. The postbuckling behaviour of the
embedded CNT is also significantly affected by the beam end conditions.
5. The applicability and accuracy of Euler-Bernoulli and Timoshenko beam models are
affected by the surrounding medium. It is found that the Euler-Bernoulli model may
provide comparable results as the Timoshenko beam model even for the CNT beams
with small length-to-diameter ratios, for example L/d < 10 or even smaller depending
on the CNT size.

2.6.

Acknowledgments

This work is supported by the Natural Sciences and Engineering Research Council of
Canada (NSERC).

2.7.

References

[1] S. Iijima, Nature 354, 56 (1991).

44
[2] M. M. J. Treacy, T. W. Ebbesen, and J. M. Gibson, Nature 381, 678 (1996).
[3] B. I. Yakobson, C. J. Brabec, and J. Bernholc, Phys. Rev. Lett. 76, 2511 (1996).
[4] T. W. Ebbesen, H. J. Lezec, and H. Hiura, J. W. Bennett, H. F. Ghaemi, and T. Thio,
Nature 382, 54 (1996).
[5] T. W. Tombler, C. Zhou, L. Alexseyev, J. Kong, H. Dai, L. Liu, C. S. Jayanthi, M.
Tang, and S. Y. Wu, Nature 405, 769 (2000).
[6] M. F. Yu, B. S. Files, S. Arepalli, and R.S. Ruoff, Phys. Rev. Lett. 84, 5552 (2000).
[7] P. Zhang, Y. Huang, H. Gao, and K. C. Hwang, J. Appl. Mech. 69, 454 (2002).
[8] P. M. Ajayan and O. Z. Zhou, Top. Appl. Phys. 80, 391 (2001).
[9] M. S. Dresselhaus and P. Avouris, Top. Appl. Phys. 80, 1 (2001).
[10] A. Bachtold, P. Hadley, and T. Nakanishi, C. Dekker, Science 294, 1317 (2001).
[11] J. H. Hafner, C. L. Cheung, and C. M. Lieber, Nature 398, 761 (1999).
[12] H. J. Dai, Surface Sci. 500, 218 (2002).
[13] K. T. Lau and D. Hui, Composites Part B 33, 263 (2002).
[14] L. W. Chen, C.L. Cheung, P.D. Ashby, and C. M. Lieber, Nano Lett. 4, 1725 (2004).
[15] H. R. Lusti, and A. A. Gusev, Modell. Simul. Mater. Sci. Eng. 12, 107 (2004).
[16] Y. Q. Zhang, G. R. Liu, and X. Han, Phys. Lett. A 340, 258 (2005).
[17] K. Y. Xu, E. C. Aifantis, and Y. H. Yan, J. Appl. Mech. 75, 021013 (2008).
[18] K. Y. Xu, X. N. Guo, and C. Q. Ru, J. Appl. Phys. 99, 064303 (2006).
[19] Y. M. Fu, J. W. Hong, and X. Q. Wang, J. Sound Vibrat. 296, 746 (2006).
[20] J. Yoon, C. Q. Ru, and A. Mioduchowski, Compos. Sci. Technol. 63, 1533 (2003).
[21] M. Aydogdu, Arch. Appl. Mech. 78, 711 (2008).
[22] S. S. Amin, H. Dalir, and A. Farshidianfar, Comput. Mech. 43, 515 (2009).
[23] T. Murmu, S. C. Pradhan, Physica E 41, 1232 (2009).
[24] C. Q. Ru, J. Mech. Phys. Solids. 49, 1265 (2001).
[25] S. Kitipornchai, X. Q. He, and K. M. Liew, J. Appl. Phys. 97, 114318 (2005).

45
[26] A. R. Ranjbartoreh, G. X. Wang, A. G. Arani, and A. Loghman, Physica E 41, 202
(2008).
[27] Y. Yan, L. X. Zhang, and W. Q. Wang, J. Appl. Phys. 103, 113523 (2008).
[28] X. H. Yao and Q. Han, Eur. J. Mech. A. Solids 27, 796 (2008).
[29] B. I. Yakobson and R. E. Smalley, Am. Sci. 85, 324 (1997).
[30] L. F. Wang, H.Y. Hu, and W. L. Guo, Acta Mech. Solida Sinica 18, 123 (2005).
[31] A.Y.T. Leung, X. Guo, X. Q. He, H. Jiang, and Y. Huang, J. Appl. Phys. 99, 124308
(2006).
[32] D. Qian, E. C. Dickey, R. Andrews, and T. Rantell, Appl. Phys. Lett.76, 2868
(2000).
[33] L. S. Schadler, S. C. Giannaris, and P. M. Ajayan, Appl. Phys. Lett. 73, 3842 (1998).
[34] H. D. Wagner, O. Lourie, Y. Feldman, and R. Tenne, Appl. Phys. Lett. 72, 188
(1998).
[35] O. Lourie, D. M. Cox, and H. D. Wagner, Phys. Rev. Lett. 81, 1638 (1998).
[36] R. Parnes and A. Chiskis, J. Mech. Phys. Solids 50, 855 (2002).
[37] E. T. Thostenson and T. W. Chou, Carbon 42, 3015 (2004).
[38] C. Li and T. W. Chou, Compos. Sci. Technol. 66, 2409 (2006).
[39] Y. Lanir and Y. C. B. Fung, J. Compos. Mater. 6, 387 (1972).
[40] L. Y. Jiang, Y. Huang, H. Jiang, G. Ravichandran, H. Gao, K. C. Hwang, and B. Liu,
J. Mech. Phys. Solids 54, 2436 (2006).
[41] Y. Z. Liu and L. Q. Chen, Nonlinear Vibration (High Education, Beijing, 2001) (in
Chinese).
[42] G. R. Cowper, ASME J. Appl. Mech. 33, 335 (1966).
[43] Q. Zong-chun, Appl. Math. Mech. -Engl. Ed. 14, 517 (1993).
[44] C. L. Amba-Rao, J. Acoust. Soc. Am. 42, 900 (1967).
[45] S. S. Rao, Mechanical Vibrations, 4th ed. (Prentice Hall, New Jersey, 2004).
[46] A. Ramezani, A. Alasty, and J. Akbari, ASME J. Vibr. Acoust. 128, 611 (2006).

46

CHAPTER

3

Nonlinear Vibration of Embedded
Double-Walled Carbon Nanotube†

3.1.

Introduction

Since the discovery of carbon nanotubes (CNTs) by Iijima [1], these novel materials have
attracted tremendous attention from research communities. CNTs are found to possess
superior mechanical, electrical and thermal properties [2-7], which makes them as
promising candidates in the applications of nanocomposites, nanoelectronics, and
nanodevices [8-15]. To make the full potential applications of CNTs, understanding their
mechanical behaviour is essential and has become a hot topic. In particular, considerable
efforts have been devoted to understand the vibrational behaviour of CNTs recently [1620].
During the past decade, several methods have been pursued to investigate and
characterize the mechanical behaviour of CNTs. Since controlled experiments are
difficult for nanoscale materials and atomic studies are computationally expensive, many
researchers have resorted to continuum mechanics models to study the mechanical
behaviour of CNTs. For example, elastic beam models [16-23] and elastic shell models
†

A version of this chapter is published in the Journal of Physica E: Low-dimensional
Systems and Nanostructures as: Mahdavi, M. H., Jiang, L. Y., and Sun, X., 2011,
"Nonlinear vibration of a double-walled carbon nanotube embedded in a polymer matrix,"
Journal of Physica E, 43, pp. 1813-1819.
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[24-26] have been effectively used to predict resonant frequencies of CNTs. These
studies, among others, have demonstrated the powerfulness of continuum mechanics, i.e.,
using simple formula offered by these continuum models, key parameters that affect the
mechanical behaviour of CNTs can be easily discovered to predict new physical
phenomena. Most existing studies in literature are linear analysis on the vibrations of
CNTs. However, there are much fewer studies on the nonlinear mechanical behaviour of
CNTs. Until recently, different aspects of nonlinearities have been explored by
researchers. Considering the geometric nonlinearity caused by large transverse
displacement, Yan et al. [26] predicted the nonlinear vibration behaviour of a DWCNT
based on Donnell's cylindrical shell model. A similar problem was analyzed by Ke et al.
[23] using nonlocal Timoshenko beam theory. For an embedded MWCNT within a
polymer matrix, the surrounding medium effect on the nonlinear vibration of the CNT
aroused by the geometric nonlinearity has been studied using a multiple beam model [16].
It was found that the nonlinear free vibration of the embedded CNT was significantly
affected by the surrounding medium. In these studies, the interaction pressure between
two adjacent tubes of the MWCNT governed by van der Waals (vdW) was assumed to
depend linearly on the difference of the radial deflections. For embedded CNTs, the
surrounding medium effect was described by the Winkler model originally developed for
a fiber composite [27], in which the surrounding medium was assumed to act as linear
springs and the pressure exerted on the outer tube is linearly proportional to the deflection
of the outermost tube.
It should be mentioned that in the absence of covalent chemical bonds and mechanical
interlocking, the interaction between the CNT and the surrounding medium at interface is
governed by the vdW force. This vdW force estimated by the Lennard-Jones potential is
intrinsically nonlinear [28], as well as the vdW interaction between adjacent tubes of
MWCNTs [29]. Therefore, it is natural to believe that the nonlinearity of vdW forces
might play an important role in the vibrational behaviour of MWCNTs. The nonlinear
vibration of a double-walled carbon nanotube (DWCNT) aroused by the nonlinear
interlayer vdW forces between adjacent tubes was studied by Xu et al. [21]. The
deflection amplitude was revealed to depend on the nonlinear factor of the vdW forces,
which was found to have little effect on the coaxial free vibration but a great effect on the
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noncoaxial free vibration. The effect of nonlinear interfacial vdW forces from
surrounding medium on the vibrational behaviour of a single-walled carbon nanotube
(SWCNT) embedded in a polymer matrix was studied by Mahdavi et al. [20] using both
Euler-Bernoulli and Timoshenko beam theories. It was found that the nonlinear vdW
forces from the surrounding medium have significant effect on the resonant frequencies
of the embedded SWCNT. These existing studies clearly indicate the significance of
considering the nonlinearity of vdW forces in the study of the vibrational behaviour of
CNTs.
However, it appears that the influence of these nonlinear vdW forces on the dynamic
property of embedded MWCNTs have not been investigated thus far. Hence, the
objective of the current work is to study the nonlinear vibrational behaviour of an
embedded DWCNT by considering the nonlinear vdW interactions between the outer
tube and the surrounding medium, and between adjacent tubes as well. Using EulerBernoulli and Timoshenko beam models, the relation between the deflection amplitude
and the resonant frequency will be derived. The effects of axial load and the CNT size on
the nonlinear vibration of the embedded DWCNT will also be examined. The results
indicate that these nonlinear vdW interaction forces existing in the embedded DWCNT
have a substantial effect on its vibrational behaviour.

3.2.

Problem formulation

The resonant frequencies of the embedded DWCNT will be firstly studied by the EulerBernoulli beam model which is easy to employ and can give a reliable prediction on the
mechanical behaviour of CNTs under some circumstances. Since rotary inertia and shear
deformation have significant effect on the frequency analysis either at ultrahigh
frequencies or for CNTs with low length-to-diameter aspect ratio [19], the Timoshenko
beam model is also utilized for comparison. Based on the interfacial cohesive law [28],
the nonlinear resultant pressure exerted by the surrounding medium to the embedded
CNT has been derived in our previous work [20], i.e., the interfacial force per unit area

49
exerted on the outer layer of the DWCNT is expressed in terms of the interfacial cohesive
energy Φ

PIF   




(3.1)


in which Φ is expressed in terms of the interfacial spacing δ as
 2   9    3 
    K IF   0    0  
15       

(3.2)


where KIF is calculated as 0.101874 J/m2 and δ0 = 0.3825 nm if the surrounding polymer
matrix is taken as polyethylene for example. The equilibrium interfacial spacing δe can be
determined by PIF(δ = δe) = 0 as
1

 2 6
e    0
5

(3.3)


As argued by Ru [30], the resultant interaction pressure exerted on the CNT defined
per unit length should be proportional to the circumferential dimension, i.e., the outer
radius R2 of the DWCNT. Thus one can assume that the resultant interaction pressure per
unit axial length between the CNT and the surrounding polymer matrix can be assumed as
pIF = −2R2PIF(δ). The Taylor expansion of pIF at δe can be expanded up to the lowest-order
nonlinear term as [20]
pIF  2 R2 PIF    2 R2
e
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are the equivalent linear and nonlinear stiffness of the surrounding medium. The
interfacial spacing change equals to the deflection w2 of the outer layer of the DWCNT,
i.e., δ − δe = w2.
Similarly, the resultant interaction pressure per unit axial length between adjacent
tubes of the DWCNT due to the vdW forces can be expressed in terms of the deflection
w1 and w2 of the inner and outer tubes from the interlayer cohesive energy U [21], i.e.,

pIL  c1  w2  w1   c3  w2  w1 

3

(3.6)


in which

c1  2 R1

 2U
 2

,
e

c3  2 R1

1  4U
6  4

(3.7)

e

and U is expressed in terms of the interlayer spacing Δ as in Ref. [29],
10
4

 0 
 0  
U     K IL 0.4 
    
  

 


(3.8)


where KIL is calculated as 0.4089101874 J/m2, and Δ0 = 0.34 nm and the equilibrium
interlayer spacing is Δe = Δ0. In the following analysis, both the linear and nonlinear parts
of the vdW forces will be incorporated, which will induce the nonlinear vibration of the
DWCNT.

3.2.1. Euler-Bernoulli beam model
Using the Euler-Bernoulli beam theory, the nonlinear free vibration of an embedded
DWCNT under a compressive axial load can be described by the following coupled
nonlinear differential equations
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 2 w1
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 pIL  pIF  0
2
x 4
x 2
t 2
EI1

(3.9)


in which E and ρ are Young's modulus and mass density of the CNT, Fi (i = 1,2) is the
axial load applied on each individual tube, and I and A are second moment of inertia and
cross-sectional area for the hollow cylinder. The indices 1 and 2 refer to the inner and
outer tube, respectively.
If these two nested tubes are assumed to have the same end boundary conditions, they
have the same vibrational modes [17]. With the consideration of the first-order vibration
mode y1(x) only, the solution of Eq. (3.9) can thus be expressed as wi(x, t) = aiy1(x) sin ωt (i
= 1,2) with a1 and a2 representing the deflection amplitude of the inner and outer tube,
respectively. Substituting this solution into Eq. (3.9) results in,
EI1a1 y1  x   F1a1 y1  x    A1 2 a1 y1  x   c1  a2  a1  y1  x 
 c3  a2  a1  y13 sin 2 t  0
3

EI 2 a2 y1  x   F2 a2 y1  x    A2 2 a2 y1  x   c1  a2  a1  y1  x 

(3.10)


 c3  a2  a1  y13 sin 2 t  1a2 y1  x    3a23 y13 sin 2 t  0
3

where a prime denotes the derivative with respect to x. The governing equations for the
linear vibration of the embedded DWCNT can be obtained simply by letting c3 = α3 = 0 in
Eq. (3.10). Assuming y1(x) = exp (λ1x) in which λ1 is the first eigenvalue of the
characteristic equation for the linear vibration, two resonant frequencies corresponding to
the first-order vibration mode can be determined provided the end conditions of the CNT
are given. However, for such a nonlinear vibration, the deflection amplitude is frequencydependent and can be determined with approximate analytical solutions. Following the
same procedure of applying harmonic balance method [20,21,26,31], Eq. (3.10) becomes,
 1a1  F1 a1   21a1  n1 (a2  a1 )  n3 (a2  a1 )3  0
 2 a2  F2  a2   22 a2  n1 (a2  a1 )  n3 (a2  a1 )3  m1a2  m3 a23  0

in which

(3.11)
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0
0
L
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2π
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2π

n1  c1   y1  x      sin 2 tdt
0
0
L

n3  c3   y1  x      sin 4 tdt
0
0
L

Thus, the relation between the deflection amplitude and the resonant frequency can be
obtained from Eq. (3.11). If the surrounding medium effect and the axial load are ignored,
i.e. F1 = F2 = m1 = m3 = 0, Eq. (3.11) is reduced to the same equation derived in Ref. [21].
Without considering the axial load effect, for the case of a linear vibration of the
embedded DWCNT (both vdW interactions between two adjacent tubes and between the
outer surface of the CNT and the surrounding medium are assumed as linear, i.e., c3 = 0
and α3 = 0), the resonant frequencies ωLE corresponding to the first-order mode are
determined by the following equations
2
 EI  4   A1LE
 c1
det  1 1
c1



c1
0
2
EI    A2LE  c1  1 
4
2 1

(3.13)


which gives the same formula developed by Yoon et al. [17] and Amin et al. [19]. It is
obvious from Eq. (3.13) that there are two resonant frequencies, the lower and the upper
resonant frequencies, for each vibration mode number.

3.2.2. Timoshenko beam model
Double Timoshenko beam model is also adopted in the current work in order to consider
the effects of shear deformation and rotary inertia. Using this beam theory, the vibration
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of the embedded DWCNT under a compressive axial force and the nonlinear interlayer
and interfacial vdW forces is described by,

  2 w  

2w
KA1G  21  1   F1 1  pIL   A1 2 1  0
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x
t
 x
 2
 2
 w
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where ψi (i = 1,2) is the rotation angle of the cross section of each individual tube due to
bending and G = 0.5E / (1+ ν) is shear modulus with ν being Poisson's ratio. For each CNT
layer treated as a single beam with hollow annular cross section, the shear correction
factor K is given as K = 2(1+ ν) / (4+3ν) [32]. The harmonic solutions of a double
Timoshenko beam for the first-order mode can be expressed as
wi  x, t   ai y1  x  sin  t

(3.16)


 i  x, t   bi 1  x  sin  t

where i = 1,2 represents the inner and outer tube, respectively. Substituting Eq. (3.16) into
Eqs. (3.14) and (3.15) and making lengthy manipulation results in the following
governing equations,
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EI1  s1 y1a1  c1 y1  a2  a1   3c3 y12 y1  2 y1 y1 2  a2  a1  sin 2 t   A1 2

3
 y1a1    F1  s1   F1 y1a1  c1 y1  a2  a1   c3 y13  a2  a1  sin 2 t   A1 2


3
 y1a1    I1 2  s1 y1a1  c1 y1  a2  a1   c3 y13  a2  a1  sin 2 t   A1 2 y1a1 


0

(3.17)
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 c3  a2  a1    3a23  sin 2 t  1 y1a2   A2 2 y1a2   0



3
3 2

2

2

(3.18)


2

in which s1 = KA1G and s2 = KA2G. Similarly, by applying the harmonic balance method,
the relationship between the amplitudes a1, a2 and the resonant frequency ω of the first
vibration mode can be obtained from the following two equations
T11 4  T12 2  T13  0
T21 4  T22 2  T23  0

(3.19)


in which
T11   I11a1
3
T12   I1  s1 a1  n1  a2  a1   n3  a2  a1     EI112  F1  s1  1a1


3
T13  s1 1a1  EI112  n1  a2  a1   9n3  a2  a1     F1  s1   F1 a1


3
 n1  a2  a1  n3  a2  a1  

T21   I 22 a2

(3.20)


3
T22   I 2  s2  a2  n1  a2  a1   n3  a2  a1   m1a2  m3a23    EI 2 12


 F2  s2  2 a2
3
T23  s2 2 a2  EI 2 12  n1  a2  a1   9n3  a2  a1   m1a2  9m3 a23 


3
 ( F2  s2 )  F2  a2  n1  a2  a1   n3  a2  a1  1  m1a2  m3a23 



It should be noted that the linear resonant frequencies of the embedded DWCNT
calculated by the Timoshenko beam theory can be reduced to the results obtained in Ref.
[19] by letting F1 = F2 = c3 = α3 = 0 in Eq. (3.19). It is anticipated that Eq. (3.19) gives as
many as four different resonant frequencies for the first-order mode vibration.
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3.3.

Numerical results and discussions

In order to investigate the effects of the polymer matrix interfacial vdW forces (α1 and α3)
and the interlayer vdW forces (c1 and c3) on the vibrational behaviour of the embedded
CNT, the relationship between the deflection amplitude and the resonant frequency of the
embedded DWCNT with simply support (S–S) end boundary condition will be presented.
In case study, it is assumed that the Young's modulus, Poisson's ratio, effective tube
thickness and mass density for the embedded CNT are E = 1 TPa, h= 0.35 nm, ν = 0.34,
and ρ = 2.3 gcm-3, respectively [17-20], and the surrounding medium of the CNT is
polyethylene. For a beam with S–S end boundary condition, the first vibration mode is
y1(x) = sin λ1x with λ1 = π/L. Accordingly, the deflection-dependent resonant frequencies
can be determined using Euler-Bernoulli and Timoshenko beam models from Eq. (3.11)
and (3.19), respectively.
Without considering the axial load effect, Fig. 3.1 shows the deflection amplitude of
vibration versus the resonant frequency ω for an embedded DWCNT based on the EulerBernoulli beam model. The inner and outer diameters of the DWCNT are d1 = 0.7 nm and
d2 = 1.4 nm, and the length is L = 20d2. The lower resonant frequency corresponds to an inphase vibration (IPV) mode as shown in Fig. 3.1(a), in which the deflections of both tubes
have the same direction; the higher resonant frequency corresponds to an anti-phase
vibration (APV) mode as shown in Fig. 3.1(b), in which the deflections of the tubes are in
the opposite direction. These two vibration modes for the embedded DWCNT are all
noncoaxial. Without considering the interlayer vdW force (pIL = 0) [20], there only exists
one vibration mode as shown in Fig. 3.1(a) since the whole DWCNT is modeled as a
single beam and consequently the APV mode is missed. Compared with the results for the
vibration of a free DWCNT (pIF = 0), it is found that the effect of the surrounding polymer
medium on the resonant frequency is very significant for the IPV. For example, the linear
resonant frequencies corresponding to the linear vdW interactions are determined as
0.1171 THz and 2.5625 THz for the free and the embedded DWCNT, respectively.
However, the surrounding medium has less effect on the APV mode of the DWCNT. The
linear resonant frequencies for the free and the embedded DWCNT are very close, i.e.,
7.0659 THz and 7.3491 THz, respectively.
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Fig. 3.1
 Effect of interfacial and interlayer vdW forces pIF and pIL on the
nonlinear vibrational mode of a DWCNT with S–S end boundary condition (d2 = 1.4
nm, L = 20d2) (a) in-phase mode, (b) anti-phase mode.
For the IPV mode, it is found in Fig. 3.1(a) that the resonant frequency for the free
DWCNT is almost invariable when the deflection amplitude increases from 0 to 0.08 nm.
In addition, the deflection amplitude ratio of the inner tube to the outer tube is
approximately 1.0003 which means a coaxial vibration. On the other hand, the
dependence of the resonant frequency on the deflection amplitude for the embedded CNT
is more sensitive, especially for the outer tube. It should also be noted that the deflection
amplitude ratio of the inner tube to outer tube for the embedded DWCNT keeps changing
with the resonant frequency and does not equal to 1, which indicates a noncoaxial
vibration. However, for the APV mode, both the free DWCNT and the embedded
DWCNT experience noncoaxial vibration.
In order to reveal the CNT size effect on the nonlinear resonant frequencies and the
deflection amplitudes of the embedded DWCNT, the deflection amplitude-frequency
curves of the embedded DWCNTs with different diameters for both IPV and APV modes
are depicted in Fig. 3.2 for comparison based on the Euler-Bernoulli beam model. The
length-to-diameter ratio is kept constant as L/d2 = 20 and d1 = d2−2t. It is found in Fig.
3.2(a) that the deflection amplitude at a given resonant frequency for the IPV increases
with the tube diameter, which has the similar trend as an embedded SWCNT observed in
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Fig. 3.2
 CNT size effect on the nonlinear resonant frequencies of an embedded
DWCNT with S–S end boundary condition (L = 20d2, d1 = d2 − 2h) (a) in-phase mode,
(b) anti-phase mode.
Ref. [20]. However, the CNT diameter effect on the APV mode of the embedded
DWCNT is different. For a given resonant frequency, the deflection amplitude of the
inner tube decreases with the increasing of the CNT tube diameter, while the deflection
amplitude of the outer tube layer becomes more complicated. It decreases with the
increasing of the CNT diameter as long as the resonant frequency is smaller than a
specific value, while this situation is completely reversed once the frequency is bigger
than this value. For both IPV and APV modes, when the diameter is large enough, for
example, d2 = 3.5 nm in the current case, the CNT size effect on the resonant frequencies
is not significant, while these results are not shown in these figures. Fig. 3.3 shows the
CNT length effect on the nonlinear resonant frequencies of the embedded DWCNT for
both IPV and APV modes. The inner and outer diameters of the CNT are kept constant as
d1 = 0.7 nm and d2 = 1.4 nm. It is indicated in this figure that the resonant frequencies of
the embedded DWCNT decrease with the increasing of the CNT length for both of these
two modes. However, when the CNT length-to-diameter ratio is relatively big, for
example, L/d2 > 30, the CNT length effect upon the resonant is not obvious. It is found in
Fig. 3.2 and 3.3 that the CNT size effect on the deflection amplitude-resonant frequency
relation of the embedded DWCNT has the similar trend as that for the embedded SWCNT
in Ref. [20].
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 Effect of CNT length-to-diameter ratio on the nonlinear resonant
frequencies of an embedded DWCNT with S–S end boundary condition (d1 = 0.7 nm,
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Fig. 3.4
 Effect of axial load on the nonlinear resonant frequencies of an embedded
DWCNT with S–S end boundary condition (d1 = 0.7 nm, d2 = 1.4 nm, L = 20d2) (a) inphase mode, (b) anti-phase mode
Fig. 3.4 demonstrates the effect of the axial load on the vibrational behaviour of the
embedded DWCNT with d1 = 0.7 nm, d2 = 1.4 nm and length L = 20d2 predicted by the
Euler-Bernoulli beam model. The axial load is applied as a compressive strain ε. Since
this applied compressive load softens the CNT, the resonant frequency of the embedded
DWCNT for both IPV and APV modes decreases with the increasing of the axial
compressive strain, as expected. This axial load effect on the IPV is more significant.
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Particularly, the linear resonant frequencies corresponding to ε = 0, 0.05 and 0.1 are
2.5625 THz, 2.5086 THz, and 2.4534 THz for the IPV mode and 7.3491 THz, 7.3304
THz, and 7.3117 THz for the APV mode, respectively.
There is an expectation that Timoshenko beam model, which takes into account shear
deformation and rotary inertia effects, may provide more accurate prediction for the
vibrational behaviour of a CNT with smaller length-to-diameter ratio. Table 3.1 lists the
linear resonant frequencies of both free and embedded DWCNT predicted by EulerBernoulli and Timoshenko beam models. Since Timoshenko beam theory is capable of
capturing both bending and shear deformation modes [33], the present double
Timoshenko beam model for the embedded DWCNT is expected to give as many as four
different resonant frequencies for a given mode number. It is found in Table 3.1 that the
first two resonant frequencies of the Timoshenko beam model are close but smaller than
those predicted by Euler-Bernoulli beam theory which overestimates the resonant
Table 3.1
 The first-order (n = 1) resonant frequencies of a free and an embedded
DWCNT with S–S end boundary condition predicted by Euler-Bernoulli and
Timoshenko beam models (d1 = 0.7 nm, d2 = 1.4 nm).
In-phase mode
L/d2

Euler Timoshenko

Euler

Timoshenko

0.4529

7.0760a

a

1.0041

1.0037

a

20 ω (THz) 0.1171a

0.1161

1.0003a

1.0002

Embedded 10 ω (THz) 2.5986

2.5859

DWCNT

1.2506

1.2487

20 ω (THz) 2.5625

2.5596

Free
DWCNT

10

ω (THz) 0.4683a

Anti-phase mode

a1/a2

a1/a2

a1/a2

a1/a2
a

1.2456

1.2452

7.0506 18.9453 34.0226

−1.9919 −2.0116 −0.1016 −68.1970
7.0659a

7.0591 18.4207 33.7317

−1.9995a −2.0049 −0.1086 −67.2904
7.3601

7.3298 18.9490 34.0226

−1.5992 −1.6175 −0.1016 −67.5578
7.3491

7.3409 18.4218 33.7317

−1.6057 −1.6107 −0.1086 −66.6512

These values are calculated by the model in Ref. [21] using the parameters in Eq. (3.6)

of the current work.
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Fig. 3.5
 Nonlinear vibrational modes of a DWCNT related to the first-order mode
number (n = 1) predicted by the Timoshenko beam model (d1 = 0.7 nm, d2 = 1.4 nm, L
= 10d2) (a) free DWCNT, (b) embedded DWCNT.
frequencies for a linear vibration. It is noted that the difference between the values of the
resonant frequencies predicted by different beam models in this study is larger for a free
DWCNT in comparison with an embedded DWCNT. In other words, the Euler-Bernoulli
beam model may provide as accurate prediction on the first-order mode vibration for an
embedded CNT as the Timoshenko beam model even for the beams with smaller lengthto-diameter ratios. This is due to the medium effect and agrees well with the observations
in the existing studies [19,20].
It is also found in this table that the first resonant frequency of the free DWCNT is
corresponding to the coaxial vibration with a1/a2 ≈ 1, while the others correspond to the
noncoaxial vibration. Due to the constraint from the surrounding polymer medium, the
vibration of the embedded DWCNT is always noncoaxial. The lowest resonant frequency
corresponds to the IPV mode, while the upper resonant frequencies are related to the
APV. To clarify this, Fig. 3.5 shows four different modes of nonlinear vibration related to
the first-order mode number (n = 1) for the free and the embedded DWCNT with d2 = 1.4
nm and L = 10d2. The insets in this figure are used to magnify the first and third modes.
As can be seen in this figure, the first and second modes which can also be predicted by
the Euler-Bernoulli beam model exhibit a hardening nonlinearity, i.e., the deflection
amplitude increases with the resonant frequencies. However, the third and forth modes
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exhibit a softening nonlinearity in which the deflection amplitude decreases with the
resonant frequencies. This softening behaviour can only be captured by the Timoshenko
beam theory, which is reported for the first time in this work. It is obvious from Table 3.1
and Fig. 3.5 that the deflection of the inner and outer tubes differs more prominent for the
third and forth modes in comparison to the first and second modes. Comparing the results
of the free DWCNT in Fig. 3.5(a) with the embedded one in Fig. 3.5(b), it can be
concluded that the surrounding medium has a very significant effect on the relation
between the resonant frequency and the deflection amplitude for the IPV mode in
comparison to the other APV mode. For example, the value of the linear resonant
frequency for the IPV mode increases from 0.4529 THz to 2.5859 THz and the amplitude
ratio changes from 1.0037 to 1.2487, and a coaxial vibration changes to a noncoaxial
vibration.
Up to now, all the analysis is related to the first-order vibration mode y1(x) only. To
further investigate the applicability of each beam model for CNTs with smaller length-todiameter ratio and the effect of surrounding medium for higher vibration mode, the linear
resonant frequencies for the transverse vibration of a free and an embedded DWCNT for
different mode numbers n are calculated by using both Euler-Bernoulli and Timoshenko
beam models and are listed in Table 3.2. The DWCNT has inner and outer diameters of d1
= 0.7 nm, d2 = 1.4 nm, and length L = 10d2. For simply supported DWCNT, its vibration
modes are yn(x) = sin λnx with λn = nπ/L (n = 1,2….). It is observed in Table 3.2, as the
mode number n increases from 1 to 5, the difference between in-phase resonant
frequencies obtained by Euler-Bernoulli and Timoshenko bream models increases. For
example, the discrepancy is calculated to increase from 3.4% to 28% for the free
DWCNT and from 0.5% to 24.6% for the embedded one. A similar trend on the
discrepancy between the Euler and the Timoshenko predictions is also observed for the
APV mode. From the current analysis, it is concluded that the applicability of different
beam models highly depends on the vibration mode numbers when they are applied to
predict the vibrational behaviour of CNTs. Timoshenko beam model is highly
recommended for the higher-mode vibration analysis of CNTs, for which the effects of
shear deformation and rotary inertia cannot be neglected.
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Table 3.2
 The resonant frequencies of a free and an embedded DWCNT with S–S
end boundary condition predicted by Euler-Bernoulli and Timoshenko beam models
for different mode numbers (d1 = 0.7 nm, d2 = 1.4 nm, L = 10d2).
In-phase resonant frequency ω (THz)

Mode
number

Free

Embedded

Anti-phase resonant frequency ω (THz)
Free

Embedded

n
Euler Timoshenko Euler Timoshenko

Euler Timoshenko

Euler Timoshenko

1

0.4683

0.4529

2.5986

2.5859

7.0760

7.0506

7.3601

7.3298

2

1.8611

1.6565

3.1106

2.9839

7.2385

7.1321

7.5378

7.4134

3

4.0581

3.3008

4.6063

4.0405

7.9706

7.5450

8.3317

7.8480

4

6.5654

5.1369

6.7052

5.5380

10.0944

8.4448

10.5199

8.7787

5

9.0116

7.0381

9.0335

7.2509

14.1713

9.8264

14.5281

10.1773

3.4.

Concluding remarks

In summary, the nonlinear free vibrational behaviour of a double-walled carbon nanotube
(DWCNT) embedded in a polymer matrix subjected to a compressive axial load has been
studied with the consideration of the nonlinear interlayer van der Waals (vdW) forces
between two adjacent tubes and the nonlinear interfacial vdW forces from the
surrounding medium. Both Euler-Bernoulli and Timoshenko beam models are applied to
derive the deflection dependent resonant frequencies. The results show that the
surrounding medium has a significant effect on the vibrational behaviour of the embedded
CNT, which are quite different from that of the free CNT. Due to the surrounding
medium effect, all the vibration modes of the embedded DWCNT are noncoaxial. It is
also found that the surrounding medium effect on the in-phase vibration is more
pronounced than the anti-phase vibration.
A softening behaviour on the deflection amplitude-resonant frequency relation is
captured by the Timoshenko beam theory, which is reported for the first time in literature.
Comparing the results predicted by these two beam models, it is found that the Euler-
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Bernoulli beam model may provide as accurate results for the first-order mode vibration
of the embedded CNT as the Timoshenko beam model even for beams with smaller
length-to-diameter ratio due to the surrounding medium effect. However, the Timoshenko
beam model is highly recommended for the higher-mode vibration analysis of CNTs due
to the effects of shear deformation and rotary inertia. This comprehensive analysis on the
vibration of MWCNTs is expected to be helpful for the design and applications of CNTbased resonators, sensors and nanocomposites.
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CHAPTER

4

Nonlinear Vibration and Postbuckling
Analysis of Embedded Single Layer
Graphene Sheet‡

4.1.

Introduction

Up to now, different allotropes of carbon, ranging from diamond and graphite (3D), to
graphene (2D) [1], to nanotubes (1D) [2], and to fullerenes (0D) [3], have been reported
and attracted tremendous attention from research communities to explore their properties.
Among these novel materials, the discovery of graphene [1] is considered as a
breakthrough in the nanotechnology era due to its extraordinary mechanical, electrical
and thermal properties [4–6]. These superior properties have foreseen the potential
applications of graphene in nanocomposites and as a revolutionary substitute of silicon in
electronics. When graphene is incorporated into polymer matrices, the properties of host
materials manifest remarkable improvement [7, 8], for example, the mechanical and
thermal properties of these materials rank among the best in comparison with other
carbon-based composites [8]. Emerging as a new class of materials, these graphene-based
composites may hold promise for many applications, such as photocatalysis [9], lithium‡

A version of this chapter is published in the Journal of Physica E: Low-dimensional
Systems and Nanostructures as: Mahdavi, M. H., Jiang, L. Y., and Sun, X., 2012,
"Nonlinear vibration and postbuckling analysis of a single layer graphene sheet embedded
in a polymer matrix," Journal of Physica E, 44, pp. 1708-1715.
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ion batteries, fuel cells, and sensors [10], electronics [11], transparent conductors [12],
and supercapacitors [13].
To make the full potential applications of graphene-based polymer composites, it is
essential to understand their mechanical behaviour, which has become a hot topic
recently. Due to extreme difficulties in conducting experiments on nanoscale materials
and computing expensiveness of atomistic studies, many researchers have pursued
continuum mechanics models for the analysis of graphene. In particular, considerable
efforts have been devoted to understanding vibrational and buckling behaviour of
graphene or graphene-based composites. The vibrational behaviour of multi-layer
graphene sheets (MLGSs) embedded in a polymer medium was investigated by
considering the vdW forces from both adjacent layers [14,15] and surrounding medium
[16, 17]. Wang and He [18] studied the effect of initial stress on the vibration of MLGSs
with the consideration of interlayer vdW forces. The influence of boundary conditions on
the vibration of the embedded MLGSs was studied in Ref. [19]. Pradhan and Kumar
conducted the vibration analysis of a single layer graphene sheet (SLGS) embedded in an
elastic medium considering orthotropic properties of graphene [20]. In order to
incorporate the small scale effects, the nonlocal elasticity theory has also been adopted by
some researchers to study the vibrational and buckling behaviour of graphene or
graphene-based composites [19–28]. It has been reported the nonlocal plate model is
necessary in vibration analysis of graphene sheets with a length less than 8 nm [21].
Among these studies, higher order shear deformation plate theory in which the
displacement field is expanded up to the third order of the thickness coordinate was used
by Pradhan and coworkers [24, 25] to get more accurate prediction on the vibrational and
buckling behaviour of a graphene sheet.
It should be mentioned that most existing continuum studies of graphene are linear
analyses. Until recently, there have been several investigations on the matter of different
aspects of nonlinearities for carbon nanotubes (CNT) and graphene. Regarding CNTs, the
nonlinearity due to large deformation [29–31], interlayer nonlinear vdW interactions
between adjacent tubes [32,33], and nonlinear interfacial vdW forces from surrounding
medium [33,34] has been accounted in studying the vibrational and buckling behaviour of
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CNT or CNT-based composites. In addition, there are also a few numbers of nonlinear
studies on graphene. For example, Sadeghi and Naghdabadi [35] introduced a hybrid
atomistic-structural element based on the empirical inter-atomic potential function for
modeling the geometrical and material nonlinearity in dynamic response of a graphene
sheet. Shen et al. [36] studied the nonlinear vibration behaviour of a simply supported
SLGS with geometric nonlinearity under different temperatures. In their work, the
nonlocal parameter was obtained by matching the natural frequencies of graphene sheet
obtained from the molecular dynamics simulation results with the numerical results
obtained from the nonlocal plate model. Recently, Jomehzadeh and Saidi [37] studied
large amplitude vibrations of MLGSs based on the von Karman plate model and the
Eringen’s nonlocal elasticity theory. Harmonic balance method was used to find the
solutions of free nonlinear vibration for single, double, and triple layer graphene sheets
with different boundary conditions. With the consideration of nonlinear vdW interaction
between any two adjacent layers of MLGSs and large deformation of each individual
layer, Wang et al. [38] developed a continuum mechanics model to analyze the vibration
of MLGSs. The nonlinear amplitude–frequency relations of double layer graphene sheets
(DLGSs) were derived in their study. Mianroodi et al. [39] introduced a membrane model
which is capable of modeling the nonlinear vibration of SLGS by including the effects of
stretching due to large deflection. In their work, finite difference method was used to
solve the nonlinear governing equation numerically with different boundary and initial
conditions.
For the embedded graphene in polymer matrix, the surrounding medium was usually
described by a Winkler model in most existing studies. In such a model, the surrounding
medium was assumed to act as linear springs exerting pressure on the graphene sheet,
which is linearly proportional to the deflection of the graphene. Different arbitrary values
for the stiffness of spring could be assigned to represent the stiffness of the surrounding
medium. In order to accurately account for the nanoscale interaction at the interface
between graphene sheet and polymer medium, Behfar and Naghdabadi [16] calculated the
exact value for the stiffness of such a linear spring based on the vdW interaction forces.
However, this interfacial vdW force governed by Lenard-Jones potential is intrinsically
nonlinear [40]. The effect of such nonlinear interfacial vdW forces from the surrounding
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medium on the vibrational behaviour of a single-walled carbon nanotube (SWCNT)
embedded in a polymer matrix was studied by Mahdavi et al. [34] using conventional
beam theories. It was found that the nonlinear vdW forces from the surrounding medium
had significant effect on the resonant frequencies of the embedded SWCNT. Hence, it is
natural to believe that this nonlinear vdW force might play an important role on the
vibrational and buckling behaviour of the embedded graphene. To the authors’ best
knowledge, such an atomistic-based nonlinear interaction effect on the vibration and
buckling of embedded graphene has not been studied thus far. Therefore, the objective of
the current work is to investigate the nonlinear vibration and postbuckling of an
embedded SLGS aroused by the nonlinear vdW interaction forces from the surrounding
medium using classic plate theory. The effect of in-plane load on such nonlinear vibration
and postbuckling behaviour will also be examined. Simulation results will demonstrate
the significance of considering the surrounding medium effect and its nonlinearity in the
study of the vibration and buckling of the embedded graphene.

4.2.

Problem formulation

The resonant frequencies and the buckling of the embedded SLGS will be studied by the
classical Kirchhoff plate theory [41] in this work. Since the nonlinearity source is from
the interfacial vdW forces, the nonlinear expression of the resultant pressure exerted by
the surrounding polymer matrix to the graphene will be firstly derived from the interfacial
cohesive law based on the vdW forces [40]. Using harmonic balance method, an explicit
expression for the resonant frequencies of the nonlinear vibration of the embedded SLGS
with simply supported boundary condition will be derived correspondingly.

4.2.1. Nonlinear expression of interfacial pressure from vdW interaction forces
In the absence of mechanical interlocking and covalent bonds at the graphene/polymer
interface, the interfacial interaction between the graphene and the polymer comes from
vdW forces. This interaction can be well described by the cohesive energy per unit area
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between a graphene and a polymer matrix as derived by Jiang et al. [40] based on the
Lennard-Jones potential, i.e.,

( ) 
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(4.1)


where δ is the interfacial spacing, ε and δ0 are Lenard-Jones potential parameters, and  P
and  C are volume density of polymer molecules and area density of carbon atoms on the
graphene, respectively. The values of all these parameters vary with the interacting atoms
or molecules. For example, if the polymer matrix is taken as polyethylene with the
composition of repeating –CH2– units, these parameters are calculated as ε = 0.004656
eV, δ0 = 0.3825 nm,  P  0.3052  1029 molecules/m3 and C  3.8177  1019 atoms/m2,
respectively. The equilibrium interfacial spacing δe can be easily found from Eq. (4.1) as
δe = (2/5)1/6δ0, and the interaction force per unit area exerted on the graphene surface is
derived as
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Notice that the above equation is derived for a graphene resting on a polymer matrix,
while in this study the graphene is embedded in a polymer matrix, the resultant pressure
on the graphene layer is from both upper and lower matrices as shown in Fig. 4.1 (a).
Therefore, this resultant pressure is an odd function of deviation of the graphene about the
interfacial equilibrium distance δe, and its Taylor expansion can be expanded up to the
third-order nonlinear terms as
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Fig. 4.1
( a) A single layer graphene sheet embedded in a polymeric matrix. In
equilibrium state, the distance between the graphene sheet and the upper and lower
matrix is δe, (b) schematic of a SLGS under in-plane loading Nx and Ny and
interfacial pressure p(x, y, t) from the surrounding medium
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which are the equivalent linear and nonlinear stiffness of the surrounding medium. The
interfacial spacing change equals to the transverse deflection w of graphene, i.e., δ− δe=w.

4.2.2. Model development for equation of motion
For an isotropic SLGS with length a along x-axis, width b along y-axis and thickness h, as
shown in Fig. 4.1 (b), in general case, it is subjected to biaxial compressive in-plane loads
Nx and Ny on edges and distributed transverse load p per unit area due to the surrounding
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medium effect as given in Eq. (4.3). The governing equation for the vibration of a SLGS
based on Kirchhoff plate theory [41] can therefore be derived as
D4 w  1w   3 w3   h

2w
2w
2w

N

N
0
x
y
t 2
x 2
y 2

(4.5)


where w is the transverse deflection of the sheet which is assumed to be positive in the
upward direction, D is the bending stiffness of the plate defined as Eh3/12(1-ν2) with E
and ν being the Young’s modulus and Poisson’s ratio. ρ is the mass density and  2 is the
Laplace operator defined as
2 

4.3.
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Solutions

It is known that exact analytical solutions are not available for the governing Eq. (4.5),
therefore, approximate analytical solutions are pursued to characterize the vibration and
postbuckling behaviour of the embedded SLGS. By assuming harmonic solution w(x, y, t)
= AW (x, y) sin ωt with A and W (x, y) representing the deflection amplitude and the
vibration mode of the graphene, Eq. (4.5) can be rewritten as
D4W  1W   3 A2W 3sin 2 t   h 2W  N x

 2W
 2W

N
0
y
x 2
y 2

(4.7)


Eq. (4.7) reduces to the governing equation of a linear system simply by ignoring the
nonlinear term α3 = 0. In the linear vibration analysis the deflection amplitude of the
vibration is independent of frequency. However, the deflection amplitude in a nonlinear
analysis is frequency-dependent and can be determined by different numerical or
analytical approaches. In order to find the nonlinear resonant frequencies of the
embedded SLGS, the harmonic balance method (HBM) [30,32,33,34,42] is employed,
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which is an approximate analytical approach for solving nonlinear oscillators generally
with zero initial conditions. Following the same HBM procedure, Eq. (4.7) becomes

  1  3 A2   2  Nxx  N yy  0

(4.8)
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Therefore, the relation between the resonant frequency and the deflection amplitude of
an embedded SLGS subjected to in-plane load can be obtained from Eq. (4.8) if the
vibration mode W(x, y) is provided. In this study the SLGS is assumed to be simply
supported on all edges, the corresponding vibration mode satisfying such boundary
conditions is,

W ( x, y)  sin

mπ x
nπ y
sin
a
b

(4.10)

Substituting this harmonic solution into Eq. (4.8) results in the corresponding
deflection dependent nonlinear resonant frequency ωNL as,

 2NL   2L 

27 1
 3 A2
64  h

in which ωL is the linear resonant frequency represented by

(4.11)
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Assuming no in-plane load, i.e., Nx = Ny = 0, Eq. (4.12) is reduced to the same
expression for the linear resonant frequency derived in Ref. [17] when transverse shear
stress in their modeling is ignored. In addition, without surrounding medium effect by
assuming α1 = 0, Eq. (4.12) can be simplified to the vibration of a free-standing SLGS as
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which is the same as that of a simply supported SLGS obtained in Refs. [14] and [15].
In the buckling analysis of structures, it is interesting to obtain the postbuckling
equilibrium path, which is defined as the relation between the applied loads and the
deflection amplitudes [43] after the buckling load. Considering the compressive force
acting on a column, the equivalent stiffness of the column will decrease with the
increasing of the applied force and becomes zero when the force is close enough to its
critical value [44]. Accordingly, the resonant frequency of the column becomes zero at
this point. The same response is expected for plates. Therefore, the postbuckling
equilibrium path of the embedded SLGS can be obtained by substituting ω = 0 into Eqs.
(4.11) and (4.12) for the deflection-dependent postbuckling load and the critical buckling
load, respectively. By letting Ny = 0, the postbuckling load along x-axis N xPB is
determined in terms of the deflection amplitude as,

N xPB  N xB 
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(4.14)


in which N xB is the buckling load along x-axis,
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When Nx = 0, the postbuckling load along y-axis N yPB is derived as,

N yPB  N yB 

27 b 2
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64 nπ

(4.16)


in which N yB is the buckling load along y-axis,
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Numerical results and discussions

In order to investigate the effects of the interfacial vdW forces (α1 and α3) on the
vibrational behaviour of the embedded SLGS, the relationship between the deflection
amplitude and the resonant frequency of the embedded SLGS with simply support (S–S)
end boundary conditions will be presented. For a SLGS with S–S edges, the vibration
mode is expressed as in Eq. (4.10). In numerical simulation, it is assumed that the
Young's modulus, Poisson's ratio, sheet thickness and mass density for the embedded
SLGS are E = 1.02 TPa, h = 0.34 nm, ν = 0.16, ρ = 2250 kgm-3, respectively [14,15,20,38],
and the surrounding medium of the graphene is taken as polyethylene. Accordingly, the
deflection-dependent resonant frequencies can be determined using Eq. (4.11).
Without considering the in-plane load effect, Table 4.1 presents the linear resonant
frequencies f = ω/2π of a free-standing (Eq. (4.13)) and an embedded SLGS (α3 = 0) with
different aspect ratio a/b for different mode numbers. It is inferred from this table that the
polymer matrix stiffness derived from the vdW interactions has a prominent effect on the
resonant frequency of the embedded SLGS. For example, for a square SLGS with a/b = 1,
the linear resonant frequencies of the free-standing and the embedded SLGS
corresponding to m = n = 1 are 0.0665 THz and 1.3362 THz, respectively. However, this
surrounding medium effect varies with the mode numbers and the aspect ratio of the
graphene, i.e., the influence of the surrounding medium decreases with the increase of
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mode numbers m and n. It is also found that the resonant frequencies of both the freestanding and embedded graphenes at any mode shape numbers m and n decrease with the
increase of aspect ratio a/b. The decrease rate is more pronounced for the free-standing
SLGS in comparison with the embedded one, for example, with the increase of a/b from 1
to 10, the resonant frequency according to m = n = 1 decreases about 1.98 times from
0.0665 THz to 0.0336 THz for the free-standing SLGS and about 1.0009 times from
1.3362 THz to 1.3350 THz for the embedded one. Moreover, for any given value of a/b,
the increase of the resonant frequency with the mode shape numbers m and n is more
noticeable for a free-standing SLGS. Therefore, it can be concluded from these data that
the existence of the surrounding polymer medium may significantly influence the
vibrational behaviour of the embedded SLGS, which needs further investigation.
Table 4.1
 Linear resonant frequencies fL = ωL/2π (THz) of a free-standing and an
embedded graphene with S–S edges (b = 10 nm).
m=1
a/b n = 1

m=2
n=2

n=3

n=1

m=3
n=2

n=3

n=1

n=2

n=3

Embedded 1

1.3362 1.3449 1.3754

1.3449 1.3608 1.4029

1.3754 1.4029 1.4627

2

1.3352 1.3421 1.3696

1.3362 1.3449 1.3754

1.3390 1.3507 1.3860

3

1.3351 1.3416 1.3686

1.3355 1.3428 1.3710

1.3362 1.3449 1.3754

4

1.3351 1.3414 1.3682

1.3352 1.3421 1.3696

1.3356 1.3432 1.3720

5

1.3350 1.3413 1.3680

1.3351 1.3417 1.3689

1.3354 1.3424 1.3704

10 1.3350 1.3412 1.3678

1.3350 1.3413 1.3680

1.3351 1.3415 1.3684

Free-

1

0.0665 0.1663 0.3325

0.1663 0.2660 0.4323

0.3325 0.4323 0.5986

standing

2

0.0416 0.1413 0.3076

0.0665 0.1663 0.3325

0.1081 0.2078 0.3741

3

0.0369 0.1367 0.3030

0.0480 0.1478 0.3141

0.0665 0.1663 0.3325

4

0.0353 0.1351 0.3014

0.0416 0.1413 0.3076

0.0520 0.1517 0.3180

5

0.0346 0.1343 0.3006

0.0386 0.1383 0.3046

0.0452 0.1450 0.3113

10 0.0336 0.1333 0.2996

0.0346 0.1343 0.3006

0.0362 0.1360 0.3023
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Fig. 4.2
 Variation of the deflection amplitude with the resonant frequency of an
embedded SLGS with S–S boundary conditions for different aspect ratio a/b (m = n =
1 and b = 10 nm)
Unlike the linear vibration, the resonant frequencies of the embedded SLGS due to the
nonlinear vdW forces are deflection dependent. Fig. 4.2 shows the variation of the
deflection amplitude of the embedded SLGS with the resonant frequencies for different
aspect ratio a/b when mode numbers m = n = 1. When the deflection amplitude is zero, the
corresponding resonant frequencies are aroused by the linear part of the vdW interaction
forces. It is clear that the nonlinear resonant frequency increases with the increase of the
SLGS deflection amplitude for any given aspect ratio a/b, which exhibits a hardening
nonlinearity. It is also indicated in this figure that the resonant frequencies of the
embedded SLGS decrease with the increase of the aspect ratio a/b for any given
deflection amplitude. However, such a decrease is not relatively significant, for example,
when the aspect ratio changes from 1 to 10, the resonant frequency decreases by less than
0.09%. Such a low rate of change in resonant frequency is believed to attribute to the
surrounding medium effect, i.e., 1 and 3 in Eq. 4.11 are dominant. For different mode
numbers m and n, Fig. 4.3 shows the variation of the deflection amplitude with the
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Fig. 4.3
 Variation of the deflection amplitude with the resonant frequency of the
embedded SLGS with S–S boundary conditions for different mode shapes numbers
(a = b = 10 nm)
resonant frequency of an embedded SLGS with a = b = 10 nm. As expected, the resonant
frequency increases with the increase of the mode numbers. However, with the increase
of the deflection amplitude, the dependence of the resonant frequency on the
mode numbers becomes less for the nonlinear vibration. This result indicates that the
nonlinear vibrational behaviour could distinguish significantly from the linear vibrational
behaviour; therefore, it is essential to incorporate the nonlinear vdW interactions in
predicting the mechanical properties of the embedded SLGS. In addition, it is also
observed from this figure that at a given value of the nonlinear resonant frequency, the
deflection amplitude for the lower mode shape is larger, which means that the system is
softer at lower vibration modes.
The effect of in-plane loads on the vibrational behaviour of a simply-supported SLGS
embedded in the polymer matrix with a = b = 10 nm for the first vibration mode (m = n = 1)
is presented in Figs. 4.4 and 4.5. The in-plane loads Nx and Ny are along the x-axis and the
y-axis, respectively, and they are normalized by N xB and N yB which are the buckling loads
when a uni-axial load is applied either along the x-axis or the y-axis direction as indicated
in Eqs. (4.15) and (4.17). Fig. 4.4 shows the effect of the uni-axial load (Nx for
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Fig. 4.4
 Effect of uni-axial in-plane load Nx on the resonant frequency of an
embedded SLGS with S–S boundary conditions (m = n = 1 and a = b = 10 nm)

Fig. 4.5
 Effect of bi-axial in-plane loads Nx and Ny on the resonant frequency of an
embedded SLGS with S–S boundary conditions (m = n = 1 and a = b = 10 nm)
example) on the nonlinear resonant frequency of the embedded SLGS. As expected, the
resonant frequency decreases with the compressive in-plane load while increases with the
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tensile one. For example, at a given resonant frequency, the deflection amplitude of the
SLGS under compression is larger than the one under extension. It means that the system
under compression load is softer than a system under extension. Particularly, when the inplane load decreases gradually from a tensile load of 0.75 N xB to zero and then to a
compressive load of 0.75 N xB , the linear resonant frequency decreases from 1.7677 THz to
1.3362 THz and then to 0.6681 THz, respectively. It is concluded from this figure that the
in-plane load effect is significant for the linear vibrational behaviour of the embedded
SLGS. However, with the increase of the deflection amplitude, the discrepancy among
these curves becomes less which means that the nonlinear resonant frequency at larger
deflection is less dependent on the in-plane load. Fig. 4.5 demonstrates the effect of the
bi-axial in-plane load on the nonlinear resonant frequency of the SLGS. Similar trend to
the results in Fig. 4.4 is observed. In particular, when the in-plane load decreases
gradually from a tensile load of 0.75 N xB to zero and then to a compressive load of
0.49 N xB , the linear resonant frequency decreases from 2.1128 THz to 1.3362 THz and
then to 0.1890 THz. However, when the bi-axial loads Nx and Ny approach to half of their
critical values, the linear resonant frequency approaches zero, which can be verified by
substituting the half values of Eqs. (4.15) and (4.17) into Eq. (4.12).
When the applied uni-axial in-plane load equals to the buckling load, the resonant
frequency decreases to zero as derived in the formulation section. In what follows, the
postbuckling behaviour of the embedded SLGS due to the nonlinear vdW force from the
surrounding medium will be examined. Fig. 4.6 (a) and (b) demonstrate the postbuckling
equilibrium paths for the embedded SLGS with S–S end conditions for different aspect
ratios a/b (b = 10 nm) when mode numbers m = n = 1. In this figure, the postbuckling load
is normalized by the buckling load for a square SLGS, i.e., N y,Ba /b =1 and N x,Ba /b =1 for Fig.
4.6 (a) and (b), respectively. It is found that this postbuckling load increases with the
increase of the deflection amplitude and the aspect ratio has a significant effect upon this
postbuckling equilibrium path. When Nx is set to zero, the postbuckling load decreases
modestly with the increase of the aspect ratio a/b. Particularly, the values of the
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(a)

(b)

Fig. 4.6
 Effect of aspect ratio a/b on the normalized postbuckling load of an
embedded SLGS with S–S boundary conditions when subjected to a uni-axial load
(m = n = 1 and b = 10 nm): (a) Nx = 0, Ny ≠ 0, (b) Nx ≠ 0, Ny = 0.
normalized buckling load corresponding to a/b = 1, 2, 3, 4, and 5 are 1, 0.99849,
0.99829,0.99822, 0.99819, respectively. On the other hand, when Ny is set to zero, the

81

Fig. 4.7
 Variation of the deflection amplitude with the normalized postbuckling load
of an embedded SLGS with S–S boundary conditions for various modes of buckling
(a = b = 10 nm and Ny = 0)
postbuckling load increases dramatically with the increase of the aspect ratio a/b. For
example, the values of normalized buckling load corresponding to a/b = 1, 2, 3, 4 and 5
are 1, 3.9939, 8.9846, 15.9715, 24.9548, respectively. Although this trend for both Nx and
Ny is similar to what is expected for a free-standing graphene as long as a/b is higher than
1, the effect of the aspect ratio a/b on Nx is more pronounced than on Ny. This is attributed
to the significant surrounding medium effect and indicates the necessity of considering
the surrounding medium effect in the postbuckling analysis of the embedded SLGS.
Fig. 4.7 shows the postbuckling equilibrium paths of the embedded square SLGS (a = b
= 10 nm) with S–S end conditions for various buckling mode shapes when subjected to a
uni-axial load Nx. In this figure, the postbuckling load N xPB is normalized with respect to
N x,Bmn1 which is the buckling load of a square SLGS when m = n = 1. It is found that both

the buckling and postbuckling loads increase with the increase of the mode number in the
direction perpendicular to the applied load direction (i.e. n in this case), while the
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Table 4.2
 The normalized uni-axial buckling load ( NxB Nx,B mn =1 , N y  0 ) of a freestanding and an embedded square SLGS with S–S boundary conditions for different
mode numbers (a = b = 10 nm)
Embedded
n=1

n=2

Free-standing
n=3

n=1

n=2

n=3

m=1

1.0000 1.0130 1.0595

1.0000 6.2500 25.0000

m=2

0.2533 0.2593 0.2755

1.5625 4.0000 10.5625

m=3

0.1177 0.1225 0.1331

2.7778 4.6944 9.0000

dependence of the buckling load on this mode number is not significant. However, an
opposite trend is observed for the variation of both the buckling and postbuckling loads
when the mode number along the applied load direction (i.e. m in this case) increases.
Moreover, such dependence of the buckling load upon this mode number is much more
prominent. For different mode numbers m and n, the normalized buckling loads
( N xB / N x,Bmn1 ) of the embedded square SLGS are listed in Table 4.2 for further
comparison with the free-standing SLGS. For a free-standing SLGS, when the mode
number perpendicular to the applied loading direction increases (i.e., n in this case), the
buckling load increases, which is the same as what is observed for an embedded SLGS.
Unlike the embedded graphene, the dependence of the buckling load on this mode
number is very significant for the free-standing SLGS. However, when the mode number
along the applied load direction increases (i.e., m in this case), the buckling load of a freestanding SLGS decreases as long as m < n, while increases when m > n. This discrepancy
observed from the current study is believed to attribute to the substantial effect of the
surrounding medium, i.e., the terms including α1 and α3 in Eqs. (4.14) and (4.16) are
dominant. If the surrounding medium effect is not that big, i.e. α1 and α3 representing the
linear and nonlinear interaction forces are small, the commonly accepted relation between
the buckling loads and the mode numbers is expected to be the same as for a free-standing
SLGS. With the consideration of the surrounding medium effect, it can also be concluded
that the lowest buckling load for the uni-axial loading condition may not correspond to
the first-order mode numbers (i.e., m = n = 1), but corresponds to the lowest mode number
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perpendicular to the loading direction and decreases as long as the mode number along
the loading direction increases depending on how big the exerted pressure is from the
surrounding medium.

4.5.

Concluding remarks

In summary, the nonlinear free vibration of an embedded single layer graphene sheet
(SLGS) due to the nonlinear van der Waals interaction forces from its surrounding
polymer matrix is studied through the classical Kirchhoff plate theory. Uni-axial and biaxial in-plane load effect on the nonlinear vibration of an embedded SLGS and its
postbuckling behaviour are also investigated. The results show that the surrounding
medium has a significant effect on the vibrational behaviour of the embedded SLGS,
which is quite different from that of the free-standing SLGS. The main results of the
current work are summarized as follows:
1. Due to the nonlinear interaction forces, the resonant frequencies of the embedded
SLGS are deflection-dependent and exhibit a hardening nonlinearity.
2. The dependence of the resonant frequencies of an embedded SLGS upon the graphene
aspect ratio and mode numbers is less as compared with that for a free-standing SLGS
due to the surrounding medium effect. When the SLGS aspect ratio is relatively big,
for example a/b > 5, its effect upon the resonant frequencies is not significant.
3. The in-plane load and mode numbers have great effect upon the resonant frequencies
of the embedded SLGS. However, with the increase of the deflection amplitude, such
dependence of the nonlinear resonant frequencies on these factors becomes less.
4. The nonlinear van der Waals interaction forces arouse the dependence of the
postbuckling load on the deflection amplitude. The postbuckling behaviour of the
embedded SLGS is also significantly affected by the SLGS aspect ratio and mode
numbers. The critical buckling load prediction is quite different from that of a freestanding SLGS. For example, the critical buckling load of an embedded SLGS under
uni-axial loading condition corresponds to the lowest mode number perpendicular to
the loading direction and decreases as long as the mode number along the loading
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direction increases depending on how big the interaction pressures are exerted by the
surrounding medium.
This analysis on the vibration and postbuckling behaviour of the embedded SLGS is
expected to be helpful for the design and application of graphene in nanocomposites.

4.6.

Acknowledgement

This work is supported by the Natural Sciences and Engineering Research Council of
Canada (NSERC) and Petro Canada Young Innovator Award.

4.7.

References

[1] A.K. Geim, K.S. Novoselov, Nat. Mater. 6 (2007) 183–91.
[2] S. Iijima, Nat. 354 (1991) 56–8.
[3] H.W. Kroto, J.R Heath, S.C. O’Brien, R.F. Curl, R.E. Smalley, Nat. 318 (1985) 162–
3.
[4] C. Lee, X. Wei, J.W. Kysar, J. Hone, Science 321 (2008) 385–88.
[5] A.H. Castro Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, A.K. Geim, Rev. Mod.
Phys. 81 (2009) 109–62.
[6] A.A. Balandin, Nat. Mater. 10 (2011) 569–81.
[7] S. Stankovich, D.A. Dikin, G.H.B. Dommett, K.M. Kohlhaas, E.J. Zimney, E.A.
Stach, R.D. Piner, S.T. Nguyen, R.S. Ruoff, Nat. 442 (2006) 282–86.
[8] T. Ramanathan, A.A. Abdala, S. Stankovich, D.A. Dikin, M. Herrera-Alonso, R.D.
Piner, D.H. Adamson, H.C. Schniepp, X. Chen, R.S. Ruoff, S.T. Nguyen, I.A. Aksay,
R.K. Prud'Homme, L.C. Brinson, Nat. Nanotechnol. 3 (2008) 327–31.
[9] H. Zhang, X. Lv, Y. Li, Y. Wang, J. Li, ACS Nano 4 (2010) 380–86.
[10] X. Meng, D. Geng, J. Liu, R. Li, X. Sun, Nanotechnol. 22 (2011) 165602.
[11] G. Eda, M. Chhowalla, Nano Lett. 9 (2009) 814–8.

85
[12] S. Watcharotone, D.A. Dikin, S. Stankovich, R. Piner, I. Jung, G.H.B. Dommett, G.
Evmenenko, S.E. Wu, S.F. Chen, C.P. Liu, S.B.T. Nguyen, R.S. Ruoff, Nano Lett. 7
(2007) 1888–92.
[13] Q. Wu, Y. Xu, Z. Yao, A. Liu, G. Shi, ACS Nano 4 (2010) 1963–70.
[14] S. Kitipornchai, X.Q. He, K.M. Liew, Phys. Rev. B 72 (2005) 075443.
[15] X.Q. He, S. Kitipornchai, K.M. Liew, Nanotechnol. 16 (2005) 2086–91.
[16] K. Behfar, R. Naghdabadi, Compos. Sci. Technol.65 (2005) 1159–64.
[17] K.M. Liew, X.Q. He, S. Kitipornchai, Acta Mater. 54 (2006) 4229–36.
[18] L. Wang, X. He, J Nanotechnol. Eng. Med. 1 (2010) 041004.
[19] R. Ansari, B. Arash, H. Rouhi, Comput. Mater. Sci. 50 (2011) 3091–100.
[20] S.C. Pradhan, A. Kumar, Compos. Struct. 93 (2011) 774–9.
[21] B. Arash, Q. Wang, ASME J Nanotechnol. Eng. Med. 2 (2011) 011012.
[22] J.-X. Shi, Q.-Q. Ni, X.-W. Lei, T. Natsuki, Phys. E 44 (2012) 1136-1141.
[23] T. Murmu, S.C. Pradhan, J Appl. Phys. 105 (2009) 064319.
[24] S.C. Pradhan, Phys. Lett. A 373 (2009) 4182–88.
[25] S.C. Pradhan, B. Sahu, J Comput. Theor. Nanosci. 7 (2010) 1042–50.
[26] S.C. Pradhan, T. Murmu, Phys. E 42 (2010) 1293–1301.
[27] H. Babaei, A.R. Shahidi, Arch. Appl. Mech. 81 (2011) 1051–62.
[28] S.H. Hashemi, A.T. Samaei, Phys. E 43 (2011) 1400–04.
[29] Y.M. Fu, J.W. Hong, X.Q. Wang, J Sound Vibrat. 296 (2006) 746–56.
[30] Y. Yan, L.X. Zhang, W.Q. Wang, J Appl. Phys. 103 (2008) 113523.
[31] L.L. Ke, Y. Xiang, J. Yang, S. Kitipornchai, Comput. Mater. Sci. 47 (2009) 409–17.
[32] K.Y. Xu, X.N. Guo, C.Q. Ru, J Appl. Phys. 99 (2006) 064303.
[33] M.M. Mahdavi, L.Y. Jiang, X. Sun, Phys. E 43 (2011) 1813–19.
[34] M.H. Mahdavi, L.Y. Jiang, X. Sun, J Appl. Phys. 106 (2009) 114309.
[35] M. Sadeghi, R. Naghdabadi, Nanotechnol. 21 (2010) 105705.

86
[36] L. Shen, H.S. Shen, C.L. Zhang, Comput. Mater. Sci. 48 (2010) 680–5.
[37] E. Jomehzadeh, A.R. Saidi, Comput. Mater. Sci. 50 (2011) 1043–51.
[38] J. Wang, X. He, S. Kitipornchai, H. Zhang, J Phys. D: Appl. Phys. 44 (2011) 135401.
[39] J.R. Mianroodi, S.A. Niaki, R. Naghdabadi, M. Asghari, Nanotechnol. 22 (2011)
305703.
[40] L.Y. Jiang, Y. Huang, H. Jiang, G. Ravichandran, H. Gao, K.C. Hwang, B. Liu, J
Mech. Phys. Solids 54 (2006) 2436.
[41] S.S. Rao, Vibration of continuous systems, John Wiley and Sons, New Jersey, 2007.
[42] Y.Z. Liu, L.Q. Chen, Nonlinear vibration, High Education, Beijing, 2001 (in
Chinese).
[43] Z.C. Qiao, Appl. Math. Mech. -Engl. Ed. 14 (1993) 517–26.
[44] C.L. Amba-Rao, J Acoust. Soc. Am 42 (1967) 900–1.

87

CHAPTER

5

Nonlinear Vibration Analysis of
Embedded Double Layer Graphene
Sheet§

5.1.

Introduction

Graphene, one of the most promising nanomaterials ever discovered, has attracted
tremendous attention from research communities recently due to its extraordinary
mechanical, electrical and thermal properties [1–3]. The application of graphene
embedded into polymer matrices as nanocomposites notably improves the properties of
host materials [4–5], for example, it has been reported that such materials rank among the
best in comparison with other carbon-based composites in terms of mechanical and
thermal properties [5]. These graphene-based composites may hold promise for many
applications, such as photocatalysis [6], lithium-ion batteries, fuel cells, sensors [7],
electronics [8], transparent conductors [9], and supercapacitors [10].
In order to fulfill the potential applications of graphene-based polymer composites, it
is essential to accurately predict their mechanical properties. In particular, considerable
§

A version of this chapter has been accepted and will be published in the International
Journal of Applied Mechanics as: Mahdavi, M. H., Jiang, L. Y., and Sun, X., 2012, "
Nonlinear free vibration analysis of an embedded double layer graphene sheet in polymer
medium," International Journal of Applied Mechanics, 4(4): (2012), DOI:
10.1142/S1758825112500391

88
efforts have been devoted to investigating the vibrational behaviour of graphene or
graphene-based composites, which has become a hot topic recently. Continuum
mechanics models for the vibration analysis of single-layered graphene sheet (SLGS)
[11–17] and multi-layered graphene sheet (MLGS) [18–27] have been effectively used to
overcome the extreme difficulties in conducting experiments on nanoscale materials and
computing expensiveness of atomistic studies.
However, most existing studies on the vibrations of graphene in literature are linear
analysis. Until recently, different aspects of nonlinearities on the vibration of graphene
have been explored by researchers. For example, Sadeghi and Naghdabadi [13] studied
the geometrical and material nonlinearity in dynamic response of a graphene sheet (GS).
In their work, a hybrid atomistic-structural element based on the empirical inter-atomic
potential function was introduced for modeling of GS. Shen et al. [14] employed a
nonlocal plate model to study the nonlinear vibration of a simply supported SLGS with
geometrical nonlinearity. Jomehzadeh and Saidi [25] presented a study on the nonlinear
free vibration of MLGSs with different boundary conditions based on von Karman plate
model with the consideration of large amplitude vibration and the Eringen’s nonlocal
elasticity theory. In their work, harmonic balance method was employed to solve the
nonlinear equation. Setoodeh et al. [17] studied large amplitude vibration of an
orthotropic SLGS based on nonlocal elasticity theory and Mindlin plate model in which
rotary inertia and shear deformation effects were included. Differential quadrature
method was used to find the solutions of free nonlinear vibration for SLGSs with different
boundary conditions. With the consideration of the stretching effect due to large
deflection, Mianroodi et al. [15] developed a membrane model to analyze the vibration of
SLGS. The nonlinear amplitude–frequency relations of SLGS with different boundary
and initial conditions were derived in their study. Wang et al. [26] studied the nonlinear
vibration of MLGS induced by the nonlinear vdW forces between any two adjacent layers
and large deflection of each layer, in which harmonic balance method was used to solve
the nonlinear motion equations of a DLGS with simply supported boundary conditions.
When GSs are embedded in polymer matrices, the surrounding medium effect on the
vibrational behaviour of the GSs is usually described by Winkler linear springs with
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different arbitrary values for the stiffness of spring in literature [11,21,23]. However, such
interfacial interaction governed by the vdW forces is intrinsically nonlinear as discussed
by Jiang et al. [28]. The effect of such nonlinear interfacial vdW forces from the
surrounding medium on the vibrational behaviour of a CNT embedded in a polymer
matrix as well as the nonlinear interlayer vdW forces between adjacent tubes of
DWCNTs was studied by Mahdavi et al. [29,30]. It was found that the nonlinear
interlayer and interfacial vdW forces had significant effect on the resonant frequencies of
the embedded DWCNT. To the authors’ best knowledge, it appears that the influence of
these intrinsically nonlinear vdW forces on the dynamic behaviour of the embedded GSs
have not been well studied thus far. Therefore, the objective of the current study is to
address the nonlinear vibration of an embedded DLGS by considering both the nonlinear
interfacial vdW forces from the surrounding polymer medium and the interlayer vdW
forces between adjacent graphene layers. Using classic plate theory, the relation between
the deflection amplitude and the resonant frequency will be derived. The effects of inplane loads and the GS size on the nonlinear vibration of the embedded MLGS will also
be examined. The results indicate that these nonlinear vdW interaction forces existing in
the embedded MLGS have a substantial effect on its vibrational behaviour.

5.2.

Problem formulation and solution

In order to study the nonlinear vibration of a DLGS induced by the interlayer and
interfacial vdW forces, it is necessary to derive the nonlinear expression of the resultant
pressure exerted on each graphene layer from the surrounding medium and adjacent layer.
To have an accurate estimation of vdW forces, this resultant pressure will be derived from
the interfacial cohesive law based on the vdW forces [28,31]. Correspondingly, explicit
expressions for the resonant frequencies of the nonlinear vibration of the embedded
DLGS with simply supported boundary condition will be derived using harmonic balance
method.
Fig. 5.1(a) shows the problem envisaged in the current work, in which two layers of
GSs are embedded in the polymer matrix. Each of these two GSs is exposed to a net
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distributed transverse loading p which is the resultant pressure of the interlayer vdW force
from the adjacent layer (pIL) and the interfacial vdW force from the surrounding medium
(pIF) as shown in Fig. 5.1(b). Each GS has length a, width b, and thickness h and a
Cartesian coordinate system (x, y, z) is used to label the material points of the GS.

5.2.1. Equations of motion for the embedded DLGS
The equations of motion for the embedded DLGS subjected to biaxial compressive inplane loads Nx and Ny on edges and the net distributed transverse pressure pi due to the
vdW interactions as shown in Fig. 5.1 (b) can be derived for each layer based on
Kirchhoff plate theory [32] as

D 4 w1  p1   h

 2 w1
 2 w1
 2 w1

N

N
0
x
y
t 2
x 2
y 2

2w
 2 w2
 2 w2
D w2  p2   h 2 2  N x

N
0
y
t
x 2
y 2

(5.1)


4

where t is time and w is the deflection of GS and indices 1 and 2 refer to the upper and
lower layer, respectively. D is the bending stiffness of each GS as a plate defined as
Eh3/12(1-ν2) with E and ν being the Young’s modulus and Poisson’s ratio, ρ and h are the
mass density and graphene thickness, and  4 is the biharmonic operator defined as
2
2 2
2
  ( 2  2 )( 2  2 )
x
y x
y
4

(5.2)


In the following section, the net distributed load pi on each layer resulted from
interlayer and interfacial vdW force is determined.
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Fig. 5.1
 A double layer graphene sheet (DLGS) embedded in a polymeric matrix. In
equilibrium state, the distance between the GS and matrix is δe, and the distance
between two adjacent GS is Δe. (b) Schematic of a GS under in-plane loading Nx and
Ny and a net transverse pressure p(x, y, t) from the surrounding medium (pIF) and
adjacent layer (pIL).

5.2.2. Nonlinear distributed pressure resulting from vdW interaction forces
In the absence of covalent bonds and mechanical interlocking at the graphene–polymer
interface, the interfacial interaction between the graphene and the polymer comes from
vdW forces. This interfacial force per unit area is expressed in terms of interfacial
cohesive energy ΦIF derived by Jiang et al. [28] based on the Lennard–Jones potential,
i.e.,
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(5.3)


in which ΦIF is expressed in terms of the interfacial spacing δ as
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where εIF and δ0 are Lennard–Jones potential parameters for carbon atoms of the graphene
and the –CH2– units of polymer, and  C and  P are area density of carbon atoms on the
graphene and volume density of polymer molecules, respectively. The values of these
parameters depend on the type of polymer. The equilibrium interfacial spacing δe can be
determined by PIF(δ = δe) = 0 as δe = (2/5)1/6δ0. The Taylor expansion of PIF about δe can
be expanded up to the lowest-order nonlinear term for each layer as
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where P    0 and the interfacial spacing change equals to the transverse deflection of
e

graphene layer, i.e., δ − δe = w. Here, α1 and α3 are the equivalent linear and nonlinear
stiffness of the surrounding medium as
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Following the same procedure as above, the interaction force per unit area between the
graphene layers can also be expressed in terms of the interlayer cohesive energy ΦIL [31]
based on the Lennard–Jones potential, i.e.,

PIL () 

 IL


in which ΦIL is expressed in terms of the interlayer spacing Δ as

(5.7)
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where εIL and Δ0 are Lennard–Jones potential parameters for carbon atoms. The Taylor
expansion of PIL about the equilibrium interlayer spacing Δe = Δ0 can be expanded up to
the lowest-order nonlinear term for each layer as
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are the equivalent linear and nonlinear vdW interlayer interaction coefficients and Δ − Δe
= w2 − w1. Now, considering the relative deflection of the upper and lower layers in Fig.
5.1(a), the expression of the nonlinear distributed pressure in Eq. (5.1) exerted on each
layer is thus expressed in terms of the graphene deflection as
p1   pIF  pIL  1w1   3 w13  c1 ( w2  w1 )  c3 ( w2  w1 )3
p2   pIF  pIL  1w1   3 w13  c1 ( w2  w1 )  c3 ( w2  w1 )3

(5.11)


5.2.3. Solution
Since an exact analytical solution is not available for the nonlinear governing equation
(5.1), harmonic balance method is utilized to find an approximate analytical solution for
the nonlinear vibration analysis of an embedded DLGS. It is known that if two adjacent
layers are assumed to have the same end boundary conditions, they have the same
vibrational modes. By assuming harmonic solution for Eq. (5.1) expressed as wi (x, y, t) =
AiW (x, y) sin ωt (i = 1, 2) with Ai and W(x,y) representing the deflection amplitude of the ith
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layer and the vibration mode shape of the graphene, respectively, Eq. (5.1) can be
rewritten as

DA1 4W  c1 ( A2  A1 )W  c3 ( A2  A1 )3W 3sin 2 t  1 A1W   3 A13W 3sin 2 t
  h 2 A1W  N x A1

 2W
 2W
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A
0
y 1
x 2
y 2

DA2 4W  c1 ( A2  A1 )W  c3 ( A2  A1 )3W 3sin 2 t  1 A2W   3 A23W 3sin 2 t
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The governing equations for the linear vibration of the embedded DLGS can be
obtained simply by letting c3 = α3 = 0 in Eq. (5.12). Although the deflection amplitude of
the graphene layers in the linear vibration analysis is independent of frequency, for such a
nonlinear vibration, the deflection amplitude is frequency-dependent and can be
determined by different numerical or analytical approaches. Here, in order to find the
nonlinear resonant frequencies of the embedded DLGS, the harmonic balance method
(HBM) [29,30,33–35] is employed, which is an approximate analytical approach for
solving nonlinear oscillations generally with zero initial conditions. In this study the
DLGS is assumed to be simply supported on all edges, the corresponding vibration mode
satisfying such boundary conditions is

W ( x, y)  sin

mπ x
nπ y
sin
a
b

(5.13)

Following the same HBM procedure [29,30,33–35], Eq. (5.12) becomes
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Therefore, the relation between the resonant frequency and the deflection amplitude of
an embedded DLGS subjected to in-plane load can be obtained from Eq. (5.14). After
lengthy manipulation, the two deflection-dependent nonlinear resonant frequencies of the
embedded DLGS can be obtained as

 2NL,1   2L,1 

27  3 2
A
64  h

(5.16)
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27 8c3   3 2
A
64  h
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where ωNL,1 and ωNL,2 are the nonlinear resonant frequencies corresponding to the inphase vibration (IPV) (i.e., A1 = A2 = A) and anti-phase vibration (APV) (i.e., A1 = −A2 = A)
modes, respectively, and the corresponding linear resonant frequencies of the IPV and
APV modes are
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In order to validate these obtained equations, by assuming no in-plane load, i.e., Nx =
Ny = 0, Eqs. (5.18) and (5.19) are reduced to the same expressions for the linear resonant
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frequency derived by Liew et al. [21] when transverse shear stress in their modeling is
ignored. In addition, without surrounding medium effect by assuming α1 = 0, Eqs. (5.18)
and (5.19) can be simplified to the vibration of a free-standing DLGS as



2
1, free

D  mπ 2 nπ 2 

( ) ( ) 
 h  a
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which are the same as those of a simply supported DLGS obtained by He et al. [19] and
Kitipornchai et al., [20]. It has been already shown by other researchers [19–21,27] that
the natural frequency of a MLGS in IPV mode is independent of vdW force between each
two GSs which is clear from Eq. (5.20) for a DLGS.

5.3.

Numerical results and discussions

Numerical results are presented in this section to investigate the effects of the interfacial
vdW forces (α1 and α3) from the surrounding polymer matrix and the interlayer vdW
forces (c1 and c3) on the vibrational behaviour of the embedded graphene. For this
purpose, the relationship between the deflection amplitude and the resonant frequency of
the embedded DLGS with simply support (S–S) end boundary condition will be
presented. In the following numerical simulation, the thickness of each GS is taken as h =
0.34 nm, Young's modulus E = 1.02 TPa, Poisson's ratio ν = 0.16, and mass density ρ =
2250 kgm-3 [1,19,20,26,36]. Surrounding polymer is taken as polyethylene with the
composition of repeating the –CH2– units, so the Lennard–Jones potential parameters for
graphene–polymer interaction in Eq. (5.4) are calculated as εIF = 0.004656 eV, δ0 = 0.3825
nm, and  P  0.3052  1029 molecules/m3 and C  3.8177  1019 atom/m2 [28].
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(a)

(b)

Fig. 5.2
( a) In-phase vibration (IPV) (i.e., A1 = A2 = A) and anti-phase vibration (APV)
(i.e., A1 = −A2 = A) mode shaps, (b) Variation of the deflection amplitude with the
resonant frequency of a free-standing and embedded DLGS with S–S boundary
conditions (m = n = 1 and a = b = 10 nm).
Also, the Lennard–Jones potential parameters for graphene–graphene interaction in Eq.
(5.8) take the values εIF = 0.00239 eV and Δ0 = 0.3415 nm [31]. Accordingly, the
deflection-dependent resonant frequencies can be determined using Eqs. (5.16) and
(5.17).
Fig. 5.2 shows the deflection amplitude of vibration versus the resonant frequency f =
ω/2π for a free and an embedded DLGS with a = b = 10 nm and m = n = 1 when there is no
in-plane loading. As it is expected, the resonant frequencies of the embedded graphene
due to the nonlinear vdW forces, unlike the linear vibration, are deflection dependent. The
resonant frequencies corresponding to the zero deflection amplitude are aroused by the
linear part of the vdW interaction forces which can be calculated by Eqs. (5.18) and
(5.19). Two different vibration modes are expected for a DLGS as obtained in Eqs. (5.16)
and (5.17). The lower resonant frequency corresponds to an in-phase vibration (IPV) as
shown in this figure, in which the deflections of both layers have the same direction and
amplitude; the higher resonant frequency corresponds to an anti-phase vibration (APV) in
which the deflections of the two layers are in the opposite direction but with identical
amplitude. It is evident that the deflection amplitude of both modes increases with the
increase of the nonlinear resonant frequency which is an indication of hardening
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(a)

(b)

Fig. 5.3
 Variation of the deflection amplitude with the resonant frequency of the
embedded DLGS with S–S boundary conditions for different aspect ratio a/b (m = n
=1 and b = 10 nm): (a) in-phase mode, (b) anti-phase mode.
nonlinearity. For a free-standing DLGS, the linear resonant frequencies corresponding to
IPV and APV modes are 0.0665 THz and 2.3617 THz, respectively. On the other hand,
the linear resonant frequencies for the embedded DLGS in IPV and APV modes are
0.9460 THz and 2.5433 THz, respectively. Compared with the results for the vibration of
a free-standing DLGS (pIF = 0), it is found that the effect of the surrounding polymer
medium on the resonant frequency is very significant, especially for the IPV mode in
which the linear resonant frequency increases by about 14.2 times compared with 1.08
times for the APV mode. This effect is more significant when the nonlinear resonant
frequencies are compared at arbitrary deflection amplitude. For example, when the
deflection amplitude is 0.05 nm the nonlinear resonant frequency increases by about 16.4
times and 1.04 times in IPV and APV mode, respectively. Therefore, it can be inferred
from this figure that the effect of the interfacial vdW forces on the IPV mode of the
embedded DLGS increases with the increasing of the deflection amplitude, while such
effect on the APV mode decreases.
Deflection amplitude-frequency curves of the embedded DLGSs with different aspect
ratios are depicted in Fig. 5.3 (m = n = 1) in order to reveal the effect of graphene size on
its nonlinear resonant frequency. As can be seen in this figure, both IPV and APV
resonant frequencies of the embedded DLGS decrease with the increase of the aspect

99
ratio a/b for any given deflection amplitude. However, for the DLGS with relatively big
aspect ratio, for example a/b > 5, the aspect ratio effect upon the resonant frequency is not
noticeable.
It is also seen that IPV mode is more sensitive to changes in graphene size in
comparison with APV mode. Particularly, when the aspect ratio a/b increases from 1 to
10, the linear resonant frequency decreases by about 1.7 GHz in the IPV mode and 0.7
GHz in the APV one. To further demonstrate the graphene size effect on the vibration
behaviour of the DLGS, without considering the in-plane load, Table 5.1 lists the linear
resonant frequencies f L = ωL /2π of a free and an embedded DLGS with different aspect
ratios a/b and mode numbers for both the IPV and APV modes. According to this table, it
is found that although both IPV and APV resonant frequencies of the free and embedded
graphene corresponding to any mode numbers m and n decrease with the increase of
aspect ratio a/b, the decrease rate is more pronounced for the IPV of the free DLGS in
comparison with the embedded one. For example, with the increase of a/b from 1 to 10,
the IPV resonant frequency according to m = n = 1 decreases about 1.98 times from
0.0665 THz to 0.0336 THz for the free DLGS and about 1.0018 times from 0.9460 THz
to 0.9443 THz for the embedded one. However, the APV resonant frequency
corresponding to m = n = 1 decreases about 1.0003 for both free and embedded DLGS.
Figs. 5.4 and 5.5 demonstrate the effect of the uni-axial and bi-axial in-plane loads on
the vibrational behaviour of the embedded DLGS with a = b = 10 nm for the first
vibration mode number (m = n = 1). It is known that the buckling load can be easily
obtained by substituting ω = 0 into the frequency equations [29,37]. Therefore, in-phase
B
B
and anti-phase buckling load along x-axis can be calculated as N x,1
and N x,2
,

respectively, by letting Ny = 0 and ω = 0 in Eqs. (5.18) and (5.19). In the case of a square
B
B
B
B
GS, buckling load along x-axis and y-axis are the same, i.e, N x,1
and N x,2
.
 N y,1
 N y,2

Fig. 5.4 shows such uni-axial load effect on the deflection-frequency curves, in which it is
observed that the compressive in-plane load reduces the resonant frequency while the
tensile one enlarges it. Particularly in the IPV mode, when the in-plane load decreases
B
gradually from a tensile load of 0.5N x,1
to zero and then to a compressive load of

100
B
, the linear resonant frequency decreases from 1.1587 THz to 0.9460 THz and
0.999N x,1

then to 0.0299 THz, respectively. Moreover, for the case of the APV mode, by the
B
gradual changes of the in plane load from a tensile load of 0.5N x,2
to zero and then to a
B
compressive load of 0.999N x,2
, the linear resonant frequency decreases from 3.1149 THz

to 2.5433 THz and then to 0.0804 THz, respectively. Fig. 5.5 shows the effect of the biaxial in-plane load on the nonlinear resonant frequency of the DLGS. The behaviour is
Table 5.1
 Linear resonant frequencies f L = ωL /2π (THz) of a free-standing and an
embedded DLGS with S–S edges (b = 10 nm) for different aspect ratios a/b and
different mode numbers.

n=1
0.9582
2.5478
0.1663
2.3666

m=2
n=2
0.9805
2.5563
0.2660
2.3757

n=1
1.0006
2.5641
0.3325
2.3841

m=3
n=2
1.0380
2.5789
0.4323
2.4000

n=3
1.0380
2.5789
0.4323
2.4000

n=3
1.1175
2.6119
0.5986
2.4355

0.9926
2.5609
0.3076
2.3807

0.9460
2.5433
0.0665
2.3617

0.9582
2.5478
0.1663
2.3666

1.0006
2.5641
0.3325
2.3841

0.9499
2.5447
0.1081
2.3632

0.9663
2.5509
0.2078
2.3699

1.0151
2.5698
0.3741
2.3902

0.9535
2.5461
0.1367
2.3647

0.9911
2.5604
0.3030
2.3801

0.9449
2.5429
0.0480
2.3613

0.9552
2.5467
0.1478
2.3654

0.9946
2.5617
0.3141
2.3816

0.9460
2.5433
0.0665
2.3617

0.9582
2.5478
0.1663
2.3666

1.0006
2.5641
0.3325
2.3841

0.9444
2.5427
0.0353
2.3611

0.9533
2.5460
0.1351
2.3646

0.9907
2.5602
0.3014
2.3799

0.9446
2.5427
0.0416
2.3611

0.9542
2.5463
0.1413
2.3650

0.9926
2.5609
0.3076
2.3807

0.9451
2.5429
0.0520
2.3613

0.9558
2.5469
0.1517
2.3656

0.9958
2.5622
0.3180
2.3821

0.9443
2.5426
0.0346
2.3610

0.9532
2.5460
0.1343
2.3646

0.9904
2.5601
0.3006
2.3798

0.9445
2.5427
0.0386
2.3611

0.9538
2.5462
0.1383
2.3648

0.9916
2.5606
0.3046
2.3803

0.9448
2.5428
0.0452
2.3612

0.9548
2.5465
0.1450
2.3652

0.9937
2.5614
0.3113
2.3812

Embedded IPV 10 0.9443 0.9531 0.9901
APV
2.5426 2.5459 2.5600
Free
IPV
0.0336 0.1333 0.2996
APV
2.3610 2.3645 2.3797

0.9443
2.5426
0.0346
2.3610

0.9532
2.5460
0.1343
2.3646

0.9904
2.5601
0.3006
2.3798

0.9444
2.5427
0.0362
2.3611

0.9534
2.5460
0.1360
2.3647

0.9909
2.5603
0.3023
2.3800

mode a/b n = 1
Embedded IPV 1 0.9460
APV
2.5433
Free
IPV
0.0665
APV
2.3617

m=1
n=2
0.9582
2.5478
0.1663
2.3666

n=3
1.0006
2.5641
0.3325
2.3841

Embedded IPV 2
APV
Free
IPV
APV

0.9446
2.5427
0.0416
2.3611

0.9542
2.5463
0.1413
2.3650

Embedded IPV 3
APV
Free
IPV
APV

0.9444
2.5427
0.0369
2.3611

Embedded IPV 4
APV
Free
IPV
APV
Embedded IPV 5
APV
Free
IPV
APV
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(a)

(b)

Fig. 5.4
 Effect of uni-axial in-plane load Nx on the resonant frequency of the
embedded DLGS with S–S boundary conditions (m = n =1 and a = b = 10 nm): (a)
in-phase mode, (b) anti-phase mode.
(a)

(b)

Fig. 5.5
 Effect of bi-axial in-plane loads Nx and Ny on the resonant frequency of the
embedded DLGS with S–S boundary conditions (m = n =1 and a = b = 10 nm): (a)
in-phase mode, (b) anti-phase mode
qualitatively the same as the results in Fig. 5.4. In this case when the bi-axial in-plane
B
load decreases gradually from a tensile load of 0.75N x,1
to zero and then to a compressive
B
load of 0.499N x,1
, the IPV linear resonant frequency decreases from 1.4958 THz to

0.9460 THz and then to 0.0423 THz. In addition, by decrease of the bi-axial in-plane load
B
B
from a tensile load of 0.75N x,2
to zero and then to a compressive load of 0.499N x,2
, the
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APV linear resonant frequency decreases from 4.0213 THz to 2.5433 THz and then to
0.1137 THz, respectively. From the results in these two figures, it can be concluded that
the system under compression load is softer than a system under extension.
Although the in-plane load effect on the linear resonant frequency of the embedded
DLGS in both IPV and APV is considerable, the nonlinear resonant frequency at larger
deflection amplitude is less dependent on the in-plane load and the discrepancy among
these curves becomes less as shown in both Figs. 5.4 and 5.5. Moreover, it is also inferred
that the resonant frequency in the APV mode is more sensitive to the in-plane load in
comparison with the IPV mode. When uni-axial loads Nx approaches to its critical value
or when the bi-axial loads Nx and Ny approach to half of their critical values, the linear
resonant frequency approaches zero.
Up to now, all the analysis is only related to the first-order vibration mode m = n =1.
To further investigate the effect of surrounding medium for higher vibration modes, the
variation of the deflection amplitude with the nonlinear resonant frequency of an
embedded DLGS with a = b =10 nm for both IPV and APV modes is shown in Fig. 5.6.
The linear resonant frequencies of a free and an embedded DLGS for different mode
numbers n and m are calculated using Eqs. (5.18)–(5.21) and are listed in Table 5.1. As
expected, the resonant frequency increases with the increase of the mode numbers.
Referring to Table 5.1, it is found that for any given value of a/b, the increase of the
resonant frequency with the mode shape numbers m and n is more noticeable for a free
DLGS in IPV mode in comparison with the embedded DLGS, while the resonant
frequency in the APV mode for both the free and embedded graphene is not changed
significantly. It is also observed from this figure that at a given value of the nonlinear
resonant frequency, the deflection amplitude for the lower mode number is larger, which
means that the system is softer at lower vibration modes. In addition, it should also be
noted that with the increase of the deflection amplitude, the dependence of the resonant
frequency on the mode numbers becomes less for the nonlinear vibration in both IPV and
APV modes. This result is indicative of the significant distinction between the nonlinear
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(a)

(b)

Fig. 5.6
 Variation of deflection amplitude with the resonant frequency of the
embedded DLGS with S–S boundary conditions for different mode shapes numbers
(a = b = 10 nm): (a) in-phase mode, (b) anti-phase mode
and the linear vibrational behaviour; therefore, incorporating the nonlinear vdW
interactions in predicting the mechanical properties of the embedded DLGS is
indispensable.
In the current numerical case study, polyethylene (PE) is chosen as the polymer
matrix. However, the properties of the surrounding polymer medium will definitely
influence the resonant frequencies of the embedded DLGS. As seen from Eq. (6) that
increasing of εIF increases both of the linear stiffness (α1) and the nonlinear stiffness (α3)
of the surrounding medium. The increasing of δ0 increases the linear stiffness of the
polymer medium (α1), while decreases its nonlinear stiffness (α3). We have examined our
results by changing α1 and α3, it is found that the linear resonant frequencies increase with
α1 for both the IPV and APV modes. With the same deflection amplitude, the nonlinear
resonant frequencies increase with both α1 and α3. Since our numerical case study in the
current work focuses on the PE-based nanocomposites, detailed comparison is not
provided for comparison.
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5.4.

Concluding remarks

In summary, the nonlinear free vibration of an embedded DLGS aroused by the nonlinear
interlayer and interfacial vdW forces is studied through the classical Kirchhoff plate
theory. Harmonic balance method is pursued to solve the nonlinear differential equations
of the embedded DLGS. Simulation results show that the surrounding medium has a
significant effect on the vibrational behaviour of the embedded DLGS, which is quite
different from that of the free-standing one. The main results of the current work are
summarized as follows:
1. Due to the nonlinear interaction forces, the resonant frequencies of the embedded
DLGS are deflection-dependent and exhibit a hardening nonlinearity.
2. Two different vibration modes are observed: in-phase vibration (IPV) mode in which
the deflections of both layers have the same direction and amplitude and they are
independent of the interlayer vdW forces; anti-phase vibration (APV) mode in which
the deflections of two layers are in the opposite direction but with the identical
amplitudes.
3. The effect of the surrounding polymer medium on the resonant frequency is very
significant, especially on the IPV mode of the embedded DLGS. With the increase of
the deflection amplitude, the difference between the resonant frequencies of the free
and embedded DLGS increases in the IPV mode, while decreases in the APV mode.
4. The dependence of the resonant frequencies of the embedded DLGS upon the
graphene aspect ratio and mode numbers is less as compared with that for a free one
due to the surrounding medium effect. When the DLGS aspect ratio is relatively big,
for example a/b>5, its effect upon the resonant frequencies is not noticeable.
Moreover, the IPV mode is more sensitive to the changes in graphene size in
comparison with the APV mode.
5. In-plane load and mode numbers have great effect upon the resonant frequencies of
the embedded DLGS, however, at larger deflection amplitude the dependence of the
nonlinear resonant frequencies on these factors becomes less. Moreover, in-plane load
causes a greater change in the APV mode than in the IPV mode.
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This detailed analysis on the vibration of the embedded DLGS is expected to be
helpful for understanding the mechanical behaviour and potential applications of
graphene in nanocomposites.
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CHAPTER

6

Static and Dynamic Bending of
Nanowire with Surface Effects**

6.1.

Introduction

With the development of nanotechnology, nanowires have attracted considerable attention
from research community over the past decade. These novel nanomaterials hold promise
for device applications, such as the transistors [1], diodes [2] and resonators [3] in NEMs,
and biological sensors [4]. To make full potential use of NWs as nanodevices, it is
essential to accurately characterizing their mechanical properties.
It is well believed when characteristic sizes of materials and devices shrink to micro or
nano-scale, surface effects may play a significant role in their mechanical behaviour due
to the increasing aspect ratio of surface to volume. For example, according to some
researchers’ work, surface effects, including residual surface stress and surface elasticity,
are responsible for the size-dependent mechanical properties of nanomaterials [5-13]. In
addition to atomistic methods [5, 7, 11, 13], a surface-layered-based continuum model by
using the linear surface elastic theory developed by Gurtin and Murdoch [14] and YoungLaplace equation considering both surface elasticity and residual surface stress [15, 16]
**

A version of this chapter is published in the Proceedings of The Canadian Society for
Mechanical Engineering Forum 2010 as: Mahdavi, M. H., Zhi, Y., Jiang, L. Y., and Sun,
X., 2010, "Static and dynamic bending of nanowires with surface effects," Proceedings of
The Canadian Society for Mechanical Engineering, June 7-9, 2010, Victoria, British
Columbia, Canada
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has been extensively used to study the surface effects on the mechanical properties of
NWs. Miller and Shenoy [5] used this surface-layered-based model to display the size
dependence of Young’s modulus of nanomaterials, their results agree well with direct
atomistic simulations. He and Lilley [17] investigated elastic behaviour of static bending
of NW beams using Euler beam model. Wang and Feng [18, 19] addressed the effects of
both surface elasticity and residual surface stress on the buckling and vibrational
behaviour of nanobeams.
It should be noted that most existing studies used Euler beam model which ignore the
shear deformation and rotary inertia effects to study the static and dynamic behaviour of
nanowires. This simple beam model can give a reliable prediction on the mechanical
properties in the situation when the length-to-thickness ratio of the beam is high.
However, this model may not be sufficiently accurate under some circumstances when
the length-to-thickness ratio is relatively small. To capture the shear deformation and
rotary inertia effects, it is necessary to employ the Timoshenko beam. Recently, the
Timoshenko beam mode has been used to study the surface effects on the buckling and
free vibration of NWs [20, 21].
Since NWs are usually reported as bending beam structures in device applications, for
instance, the atomic force microscopy (AFM) and biomedical sensors [22]. For these
beam structures, it is necessary to study the static bending behaviour of the NWs, such as
the compliance or the stiffness of nanobeams. In addition, the basic sensing principle of
some nanosnsors is based on the frequency shift when it is subjected to an axial strain
resulting from axial load. The effect of axial load on the vibrational behaviour of NWs is
of practical interest. Therefore, it is the objective of the current work to study the coupled
effects of surface elasticity, residual surface stress, shear deformation and rotary inertia
on the static and dynamic bending behaviour of NWs. Explicit solutions are obtained for
a bending Timoshenko nanowire with given end conditions. These solutions may provide
more accurate prediction on the mechanical properties of nanobeams with a wider range
of length-to-thickness ratios.
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Fig. 6.1
 Schematic of bending nanowire with surface effects with different crosssection geometries

6.2.

Problem formulation

The surface effects are incorporated in the continuum model of NWs using the surfacelayered-based model, i.e., a nanobeam = bulk+surface, as shown in Fig. 6.1 for a simply
supported beam. The constitutive equation of the material at surface is different from that
in the bulk. For one-dimensional beam, the relationship between surface stress τ and the
longitudinal strain εx is given by,

   0  E s x

(6.1)


where τ0 is the residual surface stress along the beam longitudinal direction, ES is the
surface elastic modulus. Based on a composite beam theory [23] and the assumption that
the thickness of the surface layer t is much smaller than the beam thickness, the surface
elasticity effect on the bending beam is considered by replacing the traditional flexural
rigidity EI for the bulk material with the effective flexural rigidity (EI)* as given in [1720],

 Ebh3 1 s 2 1 s 3
 12  2 E bh  6 E h
*
( EI )  
4
  ED   E s D3
 64
8

(rectangle)
(6.2)


(circular)
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where E is the Young’s modulus of the bulk material. The influence of the residual
surface stress on the bending beam is described by the generalized Young-Laplace
equation [17-20], which is expressed as,

 ij   ij ni n j   0

(6.3)


where  ij and  ij denote the stresses above and below the surface, respectively, ni is the
unit vector normal to the surface and к is the curvature of the bending beam. For a
Timoshenko beam with small deformation, this residual stress results in a distributed
transverse loading on the beam surfaces as,

q( x)  Hψ' ( x)

(6.4)


where ψ is the rotation angle of the beam cross section due to pure bending and can be
used to approximate the curvature of bending beam according to Timoshenko beam
theory [21, 24]. The parameter H is given in [17-20] as,

2 0b
H  0
2 D

(rectangle)
(circular)

(6.5)


Considering the surface effects in Eqs. (6.2) and (6.4), the coupled governing
equations of the Timoshenko beam with axial compressive load F are derived as,

( EI )*

2ψ
w
w
2ψ


AG
(

ψ)

F
(ψ

)


I
s
x 2
x
x
t 2

 s AG(

 2 w ψ
ψ
2w

)

(
H

F
)


A
x 2 x
x
t 2

where G is the shear modulus, A and



(6.6)


(6.7)


are the cross-sectional area and mass density of

the beam. The shear coefficient is αs = 5(1+ν)(6+5ν)-1 for a rectangular cross section and
αs = 6(1+ν)2(7+12ν+4ν2)-1 for a circular cross section [20], and ν is Poisson’s ratio.
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6.2.1. Static bending of NWs
For static bending of NWs without considering the axial load effect, the pure bending
rotation angle and the deflection of the Timoshenko beam are derived as,
ψ( x)  C1e

w( x) 

L



 x/ L

 C2e

 x/ L



1-  C1e

 C3

 x/ L

L2

(6.8)




 C2e

 x/ L



 C3

L2



x  C4

(6.9)


with η = HL2((EI)*)-1 and Ω = (αsAGL2)-1(EI)*. C1 - C4 are unknown coefficients to be
determined from boundary conditions and force and moment equilibrium equations.

6.2.2. Vibration of NWs with constant axial force
The harmonic solutions of the vibrational nanowire can be expressed as,

w( x, t )  W sin(t )Y ( x)

(6.10)


ψ( x, t )  sin(t ) ( x)

(6.11)


Substituting (6.10) and (6.11) into (6.6) and (6.7) and manipulating these equations,
we could get the following uncoupled governing equation,
( EI )* ( s AG )Y (4)  Y '' [( EI )*  A 2   s AG ( s AG  F   I  2 )  ( s AG  F )
 ( s AG  F  H )]  ( s AG  F   I  2 )  A 2Y  0

(6.12)


Let

Y( x)  Se x

(6.13)


the resonant frequencies ω of the Timoshenko beam can be derived from the following
equation,
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1 4   2 2  3  0

(6.14)


where

1   2 IA
 2  [ A( EI ) *  s AGI ] 2   ( F   s AG ) A

(6.15)


 3   s AG ( EI )*  4  ( s AG  F )( F  H ) 2
By letting ω = 0 in (6.14), the critical buckling load of the NW is determined as,
Fcr 

6.3.

( s AG  H )  ( s AG  H ) 2  4 s AG[ 2 ( EI )*  H ]
2

(6.16)


Boundary conditions and solutions of the problem

For a special case when the beam is simply supported at its both ends, the boundary
conditions at the end supports are,
wM 0

(6.17)


where M = (EI)*ψʹ is the bending moment.

6.3.1. Solution for static bending of NWs
When the simply supported beam is subjected to a concentrated force F at the midpoint
x= L/2, due to the symmetry, the slope of the elastic curve caused by pure bending is zero,
i.e.,

L
ψ( )  0
2

(6.18)


Applying boundary conditions (6.17) and (6.18) and considering the force equilibrium
equation of this beam, the coefficients C1 − C4 in (6.8) and (6.9) are determined as,
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C1  C2  



2H e

F
 /2
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 /2



, C3  

F
, C4  0
2 HL2

(6.19)


6.3.2. Solution for dynamic bending of NWs
For simply-supported beam, the vibration mode Y in (6.12) has the following form,
 n x 
Y  S sin 

 L 

(6.20)


Therefore

 n 
  
 L 

2

2

(6.21)


It should be noted for any vibration mode in (6.21), there exist two values for ωn in Eq.
(6.14). The smaller value corresponds to the bending deformation mode, while the larger
one corresponds to the shear deformation mode. When the shear deformation and rotary
inertia effects are ignored, the solutions reduce to those for Euler beam model.

6.4.

Numerical results and discussions

To see how the surface stress and surface elasticity influence the static bending of NWs,
the contact stiffness k defined by Jing et al. [8], i.e., the ratio of the applied force F to the
induced deflection w at the same point of NW sustaining the applied force, is studied.
This parameter has practical applications in nanobeam-based device measurements. The
material property parameters are taken the same as those in [17], i.e., E = 76 GPa, Es =
1.22 N/m and 0 = 0.89 N/m. For the simply supported nanowire with different
diameters D = 20 nm and D = 80 nm, the normalized stiffness K = k/k0 with varying L/D is
plotted in Fig. 6.2, in which k0 = F/w0 is the stiffness of a classic Euler beam without
surface effects. The normalized stiffness for Euler beam considering surface effects is
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Fig. 6.2
 Variation of normalized stiffness of a simply supported nanowire with L/D
also provided for comparison. For both Euler and Timoshenko beam models, the stiffness
is observed to have a significant dependence on the cross-sectional dimension D of the
nanowire as expected. With the increase of L/D, the surface effects become more
significant. It means that for slender NWs with larger length-to-thickness ratio, it is
essential to considering surface effects in studying the static bending of NWs. For NWs
with relatively small length-to-thickness ratio, the shear deformation effect is significant
as evidenced by the discrepancy between curves for Euler and Timoshenko beams. The
Timoshenko beam tends to soften the materials as evidenced by the stiffness curves of
Timoshenko beam being lower than those of Euler beam model.
Similar to the work in [20], Fig. 6.3 plots the variation of the normalized critical
buckling load Fcr/FE with L/D, in which FE is the critical buckling force for a classical
Euler beam. The diameter of the nanowire is taken as D = 20 nm. For both Euler and
Timoshenko models, the surface elasticity is found to have little effect on the critical
buckling load, while this surface elasticity effect on the resonant frequencies of nanowire
is significant [18]. In contrast, it is found in this figure that the residual surface stress
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Fig. 6.3
 Variation of normalized critical buckling load of a simply supported
nanowire with L/D

Fig. 6.4
 Variation of normalized resoant frequency of a simply supported nanowire
with L/D
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effect on the critical buckling load is prominent especially for the nanowire with large
length-to-diameter ratios. When the residual surface stress is positive, it tends to increase
the critical buckling load. Shear deformation is found to decrease the buckling load
especially when L/D is small.
When the nanowire acts as a sensor, it is necessary to study how the axial force is
sensed by the shift of the resonant frequencies of nanowire. When the axial strain
resulting from the axial load is taken as ε = 0.001, Fig. 6.4 shows the variation of
normalized resonant frequency of the first bending mode of nanobeam with L/D. Without
considering the surface effects, the axial strain is clearly sensed by the shift of the
frequency of the classical Timoshenko beam subjected to axial load from that without
axial load in the figure. However, when the surface effects are incorporated in the current
model, the resonant frequency shift has been altered significantly. Particularly, with the
decrease of nanowire diameter, the shift is more prominent. Therefore, it is necessary to
consider the surface effects when determining the sensing loads based on resonant
frequency shift. The corresponding results for the Euler beam model considering the
surface effects when D = 20 nm are also plotted in this figure for comparison. The effects
of the shear deformation and rotary inertia are to decrease the resonant frequencies of
NWs. The discrepancy between Euler and Timonshenko beam models, especially for
NWs with relatively small length-to-diameter ratios, indicates that Timoshenko beam
model can provide more accurate prediction for the nanobeam sensors for a wider range
of length-to-diameter ratios. The first mode bending resonant frequency of the NW with
sensing strain normalized by that of a Euler beam without axial strain versus the sensing
strain is shown in Fig. 6.5 and Fig. 6.6 for NWs with different length-to-diameter ratios
(D = 20 nm). The results for both Timoshenko and Euler beam models are provided. The
necessity of considering the combined surface effects, shear deformation and rotary
inertia is clearly shown in these figures.
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Fig. 6.5
 Variation of normalized resonant frequency of a simply supported nanowire
with axial strain (L/D = 3)

Fig. 6.6
 Variation of normalized resonant frequency of a simply supported nanowire
with axial strain (L/D = 15)
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6.5.

Concluding remarks

This chapter provides an analytical study on the static bending and vibration of nanowires
using a Timoshenko beam model. The corresponding results for Euler beam model are
also provided for comparison. Attention is focused on the combined surface effects, shear
deformation and rotary inertia on the static and dynamic mechanical beahvior of the
NWs. The stiffness, critical buckling loads and the resonant frequencies of nanowires
under axial load are studied. It is found the surface effects play a significant role in
determining these mechanical properties of nanowires, which are size-dependent. These
surface effects are more significant for slender nanowires with larger length-to-diameter
ratios. The shear deformation tends to soften the material and decrease the critical
buckling load and natural frequencies. These results may be helpful for the design and
applications of nanowire-based devices.

6.6.
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CHAPTER

7

Vibration Analysis of Nanowire
Encapsulated in Carbon Nanotube

7.1.

Introduction

In the past decade, nanostructured materials, such as carbon nanotubes (CNTs) and
nanowires (NWs) have attracted tremendous interests from research and industrial
communities, which has advanced the field of nanotechnology at a phenomenal pace. The
extraordinary mechanical, electronic and thermal properties of CNTs [1-6] have made
them as promising candidates for many potential applications in nanoelectronics,
nanodevices and nanocomposites [7-14]. A continuing interest in nanowires (NW) is
motivated by their special properties due to the very large surface to volume ratio as
compared to bulk materials [15-17], as well as their potential applications as the
transistors [18], diodes [19] and resonators [20] in NEMs, and biological sensors [21].
The novel incorporation of NW into the hollow structure of CNT creates a new
nanocomposite structure with atypical electrical and mechanical properties [22, 23]. The
encapsulated NW is effectively protected by the CNT from shape fragmentation [24] and
oxidation, resulting in long-term stability [25]. In addition, NWs could make CNTs more
conducting, ferromagnetic, and denser, based on the type of embedded NWs. This new
one-dimensional core-shell nanostructure may lead to some exciting applications which
include biomedical sensors [26], probes for magnetic force microscopy [27],
environmentally stable catalyst [28], magnetic storage devices [29], lightweight and high-
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efficiency microwave absorbers [25, 30], ultrahigh frequency generator [31], and
nanosensors [32] etc. Due to the excellent electrical and thermal conductivity of silver
(Ag), silver NW encapsulated in CNT (Ag@CNT) has attracted great attention from
researchers [33-39]. Several techniques have been proposed to synthesize Ag@CNT
including wet-chemical, solid-state reaction, surface chemical reduction, vaporizing
depositing, irradiation, and DC electrophoresis [25].
Full potential application of such core-shell nanostructures as nano-devices requires
accurate characterization of their physical properties which in turn necessitates the
development of computer-based simulations. In the aspect of numerical simulation on
their mechanical properties, molecular dynamics (MD) has been widely used to study the
stretching [40-43], buckling [44-46], and torsion [24, 47] of CNTs filled with metal NWs.
The results indicate that these core-shell nanostructures exhibit different properties from
their constituent components. For example, the tensile strength of Ni@CNT [42] and
Cu@CNT [43] were found to be more than three times greater than that of the pure nickel
and pure copper. Despite these studies on the static analysis of NW@CNT, to the authors’
knowledge, there is a very few work on the vibration analysis of NW@CNT. Using MD,
Kang et al [48] analyzed the oscillation of a composite structure of DWCNT
encapsulating copper nanowire. It was found that the frequency of this hybrid system was
fairly well estimated by the classical oscillation theory, which was more dependent on the
mass of encapsulated metal than the metal–carbon interaction. In another work, Kang et
al [31] studied the fundamental frequency of a cantilevered resonator with a CNT
enclosing a copper nanocluster and found that its frequency was tuneable by the change
of the position of the encapsulated nanocluster.
It should be mentioned that MD method is generally limited due to its computation
expensiveness. Therefore, efficient continuum mechanics modeling may be resorted as an
alternative way to conduct the vibration analysis of NW@CNT. Due to the typical large
surface to volume aspect ratio of nanostructures, it is commonly believed that surface
effects may play a significant role in their mechanical behaviour. For example, atomistic
based models [50-53] have shown that the surface effects, including residual surface
stress and surface elasticity, are responsible for the size-dependent mechanical properties
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of materials at nano-scale. In order to incorporate these surface effects, modified
continuum theories based on the surface elasticity developed by Gurtin and Murdoch [54]
have been developed to study the size-dependent properties of nanowires, in which the
surface effects are accounted through the generalized Young-Laplace equations [55, 56].
Miller and Shenoy [50] studied the size dependence of Young’s modulus of nanowires
and their results agreed well with the atomistic simulations. Elastic behaviour of the static
bending of NWs was investigated by using both the modified Euler [57] and Timoshenko
[58] beam models. Wang and Feng [59, 60] addressed the effects of both surface
elasticity and residual surface stress on the buckling and vibrational behaviour of
nanobeams. These studies demonstrated the significance of considering surface effects on
the mechanical properties of NWs.
Despite the efforts in synthesis of novel structured NW@CNTs and their potential
applications, it appears that quantitative understanding on their vibrational behaviour has
not been conducted thus far, particularly with the consideration of surface effects of
encapsulated NW and the interfacial interaction between carbon atoms of CNT and metal
atoms of NW. Therefore, the objective of the current work is to conduct a vibration
analysis of Ag@CNT with the incorporation of the surface effects of the silver NW and
also the interfacial interaction of NW and CNT. Both modified Euler-Bernoulli and
Timoshenko beam theories are applied to predict the resonant frequencies of this coreshell structure, in which the surface effects are accounted based on the surface elasticity
model and the generalized Young-Laplace equations. The influence of the surface effects,
diameter, length-to-diameter aspect ratio, and axial load on the resonant frequencies of an
Ag@CNT is explored. Moreover, the results of this core-shell structure are compared
with the empty SWCNT and the individual NW in order to find the influence of the
incorporation of external carbon atoms on the vibration characteristics of the silver NW.
The explicit results may provide more accurate prediction on the vibration properties of
NW@CNT thus benefits their potential applications as resonators or sensors.
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Fig. 7.1
 Schematic top view of different one-dimensional nanostructures considered
(a)

(b)

(c)

in this study with exaggerated dimension for clarity; a) silver nanowire with surface
effects encapsulated in a single-walled carbon nanotube (Ag@CNT); b) individual
nanowire with surface effects; c) single-walled carbon nanotube.

7.2.

Problem formulation

Fig. 7.1 shows the schematic of a silver NW encapsulated in a SWCNT (NW@CNT) and
its constituent components. The surface effects are incorporated in the continuum model
of NW using the surface-layer-based model used in previous chapter and it is shown by a
thin layer surrounding NW.
To conduct a vibration analysis of such a core-shell structure, the interaction between
carbon atoms of the CNT and silver atoms of the NW must be accurately described.
Generally, metal–carbon interaction is at least one order of magnitude smaller than
metal–metal interaction [61]. In particular, for the graphene on silver substrate, it has
been reported that the interaction between silver and carbon atoms is weaker than
covalent bond [62, 63]. Moreover, Li et al. (2009) [64] also claimed that the curvature
effect of the inner walls of CNTs caused weak interactions between the encapsulated
metal atoms and the CNT. This non-covalent interaction between carbon and silver comes
from vdW forces, which can be described by Lennard-Jones (LJ) potential. LJ 6-12
potential has already been adopted for modeling the CNT/Al interface [65], Pt–C
interactions in platinum clusters deposited on a graphite substrate [66], and Ag–C
interactions in silver clusters deposited on a graphite substrate [67]. For a carbon atom
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and silver atom with distance r, the interaction energy due to the vdW force is represented
by the LJ 6-12 potential as:
12
6
  C-Ag

 C-Ag
U LJ (r )  4 C-Ag  12  6 
 r
r 


(7.1)


in which  C-Ag is the depth of the potential well,  C-Ag is the finite distance at which the
interatomic potential is zero.  C-Ag and  C-Ag can be determined by using combination
rules which are geometric expressions for calculating the interaction energy between two
nonbonded dissimilar atoms. There are several types of combination rules, but their
influence on the results is typically negligible [68]. In this study, the Lorentz-Berthelot
rule in which

 is calculated by a geometric mean while  is calculated by an arithmetic

mean is adopted, which have been used in literature for modeling the interaction energy
of C–H2 [69], C–Al [65], C–Cu, C–Ni, C–Pt, and C–Au [61]. For silver atoms,
 Ag-Ag  0.19774 eV and  Ag-Ag  0.2955 nm [68], while for carbon atoms,  C-C  0.00239

eV and  C-C  0.3415 nm [70]. Using the Lorentz-Berthelot rule, the two LJ potential
parameters in Eq. (7.1) are determined as,

 C-Ag   C-C . Ag-Ag  0.02174 eV
 C-Ag 

 C-C   Ag-Ag
2

 0.3185 nm

(7.2)


Based on the LJ potential, Lu et al. [70] have derived an interfacial cohesive law to
describe the interaction between CNT and polymer matrix. In their work, the cohesive
energy was expressed in terms of the interfacial spacing. Later, this cohesive energy was
applied by Chen et al. [69] to model the interaction between a CNT and hydrogen
molecules stored in the CNT by replacing polymer molecules with H2. Similarly, the
interfacial cohesive energy Φ established by Lu et al. [70] is extended in this work to
simulate the interaction between the silver atoms and the carbon atoms at the interface of
the Ag@CNT structure by replacing the polymer molecules with silver atoms, i.e.,

128
9
3
 2 C-Ag
 C-Ag
2π
3
   
Ag C C-Ag C-Ag 
 3
9
3

 15





(7.3)


in which  is the interfacial spacing between NW and CNT and C  3.8177  1019
atoms/m2 and  Ag  5.9018  1028 atoms/m3 are the area density of carbon atoms on the
CNT and the volume density of silver atoms in the silver NW, respectively. Thus, the
interfacial force per unit area exerted on the NW surface is expressed in terms of the
interfacial cohesive energy Φ as,
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(7.4)


The equilibrium interfacial spacing δe can be calculated from Eq. (7.4) as

 e  (2 / 5)1/6  C-Ag . The resultant interaction pressure exerted on the NW defined per unit
length should be proportional to the circumferential dimension, i.e., the diameter d1 of the
NW. Thus, the resultant interaction pressure per unit axial length between the NW and
CNT can be assumed as p = −d1P(δ). The lateral deflections of the inner NW and the outer
CNT, i.e., w1 and w2 , respectively, result in the change of the interfacial spacing by

   e  w2  w1 . Accordingly, the first term in Taylor expansion of p at δe can be derived
in terms of the interfacial spacing change as,

p  d1 P    d1
e

P
   e   c1 (w2  w1 )
  e

(7.5)


where c1 is the interfacial stiffness and P    0 . Eq. (7.5) approximately represents the
e

linear vdW interaction force, which can be utilized to model the coupled vibration of a
CNT and a NW in the NW@CNT core-shell structure by using Euler-Bernoulli and
Timoshenko beam models with the consideration of the surface effects including surface
elasticity and residual surface stress.

129
7.2.1. Euler-Bernoulli beam model
Using the Euler-Bernoulli beam theory, free vibration of a NW@CNT under a
compressive axial load can be described by the following coupled differential equations

 4 w1
 2 w1
 2 w1
 2 w1

F


A

c
(
w

w
)

H
1
1 1
1
2
1
x 4
x 2
t 2
x 2
 4 w2
 2 w2
 2 w2
E2 I 2

F


A
 c1 ( w2  w1 )
2
2 2
x 4
x 2
t 2

( E1 I1 )*

(7.6)


in which indices 1 and 2 refer to the inner NW and the outer CNT, respectively. Ei and 
are Young's modulus and mass density, Fi is the axial load, and Ii and Ai are second
moment of inertia and cross-sectional area of the nanobeam. For the nanowire, the
traditional flexural rigidity of the beam is replaced with the effective flexural rigidity

 E1I1 

*

 πE1d14 64  πE s d13 8 [57, 60, 71,72] with the consideration of the surface effects

in which Es is the surface elasticity. The residual surface stress, as discussed in the
previous chapter and presented in Eq. (6.5), results in a distributed transverse loading
proportional to the beam curvature as q( x)  H  1 x with  1 being the angular
deflection of the NW cross section and H  2 0 d1 [57, 60, 71, 72]. Particularly,

 1  w1 x for Euler-Bernoulli beam.
If these two nanobeams are assumed to have the same end boundary conditions, they
have the same vibrational modes. By assuming harmonic solution wi(x, t) = ai yn(x) sin ωnt
with ai and yn(x) representing the deflection amplitude and nth vibrational mode of the
nanobeam, respectively, Eq. (7.6) can be rewritten as
( E1 I1 )* a1 yn  x    F1  H  a1 yn  x   1 A1n2a1 yn  x   c1  a2  a1  yn  x   0
E2 I 2 a2 yn  x   F2 a2 yn  x   2 A2n2 a2 yn  x   c1  a2  a1  yn  x   0

(7.7)


where a prime denotes the derivative with respect to x. Assuming yn(x) = exp (λnx) results
in,
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( E1I1 )* n4  ( F1  H )n2  1 A1n2  c1

c1


  a1  0
c1

      (7.8)
E2 I 2n4  F2n2  2 A2n2  c1  a2  0

Accordingly, the resonant frequencies are determined by the condition for existence of
non-zero solution of (7.8) in the form of
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in which

X 1  1  2 A1 A2 ,





X 2    2 A2 ( E1 I1 )* n4  ( F1  H )n2  c1   1 A1  E2 I 2 n4  F2 n2  c1  ,



X 3  ( E1 I1 )* E2 I 2 n8   E2 I 2 ( F1  H )  ( E1I1 )* F2  n6  c1  E2 I 2  ( E1I1 )*  

(7.10)


 F2 ( F1  H ) n4  c1 F2  F1  H  n2 .
The value λn and the associated vibration mode yn(x) are determined with the given end
boundary conditions. For example, based on the Euler-Bernoulli beam model, the nth
vibrational modes are derived as
yn  x   sin n x, n 

n
(n  1, 2,3...)
L

(7.11)


and

yn  x   sinh n x  sin n x 

sinh n L  sin n L
 cosh n x  cos n x  ,
cos n L  cosh n L

4.7300
7.8532
10.9956
14.1372
1 
, 2 
, 3 
, 4 
.
L
L
L
L

(7.12)
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for the beam with S–S end condition and C–C end condition, respectively [73]. It is
obvious from Eq. (7.9) that there are two resonant frequencies, the lower and the upper
resonant frequencies, for each given axial half-wave number n.

7.2.2. Timoshenko beam model
To study the effects of shear deformation and rotary inertia on the vibration analysis of
the NW@CNT which are ignored in the classic Euler beam theory, Timoshenko beam
model is adopted in the current work. Using this beam theory, the vibration of the
NW@CNT under a compressive axial force is governed by the following equations,
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(7.14)


where wi and ψi are lateral deflection and angular deflection of the cross section of each
individual nanobeam with respect to the vertical direction. Gi = Ei /2(1+ ) is shear
modulus with i being Poisson’s ratio. The shear correction factor for the inner NW is K1
= 6(1 1 )2 (7  121  4 2 )1 for a circular cross section [71, 72]. Encapsulating CNT is
1

treated as a single beam with hollow annular cross section, so the shear correction factor
K2 is taken as K2 = 2(1  2 )(4  3 2 )1 [74]. The harmonic solutions of Eqs. (7.13) and
(7.14) for the nth vibrational mode can be expressed as

wi  x, t   ai yn  x  sin n t

 i  x, t   bi  n  x  sin n t

(7.15)
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where i = 1,2 represents the inner NW and the outer CNT, respectively. Substituting Eq.
(7.15) into (7.13) and (7.14) and manipulating these equations results in the following
governing equations by eliminating the unknown  n  x  as

( E1 I1 )*  s1 yna1  c1 yn  a2  a1   1 A1n2 yna1    F1  s1  1I1n2 


  s1 yna1  c1 yn  a2  a1   1 A1n2 yn a1    F1  s1  H  F1  s1  yna1  0


(7.16)


E2 I 2  s2 yna2  c1 yn  a2  a1   2 A2n2 yna2    F2  s2  2 I 2n2 


2
  s2 yna2  c1 yn  a2  a1   2 A2n2 yn a2    F2  s2  yna2  0


(7.17)


in which s1 = K1A1G1 and s2 = K2A2G2. Similarly, assuming yn(x) = exp (λnx) and
substituting into Eqs. (7.16) and (7.17) results in,

T11 T12   a1  0
T T  a   0
 21 22   2   

(7.18)


in which
T11   s1n2  c1  1 A1n2  n2 ( E1 I1 )*  F1  s1  1 I1n2   n2  F1  s1  H  F1  s1 
T12  c1  n2 ( E1 I1 )*  F1  s1  1 I1n2 

(7.19)


T21  c1  n2 E2 I 2  F2  s2   2 I 2n2 
T22   s2 n2  c1   2 A2n2  n2 E2 I 2  F2  s2   2 I 2n2   n2  F2  s2 

2

The resonant frequencies are determined by the condition for the existence of non-zero
solution of (7.18), i.e.,

T T 
det  11 12   0
T21 T22 

(7.20)


It is anticipated that Eq. (7.20) gives as many as four different resonant frequencies for
each given axial half-wave number n.
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7.3.

Numerical results and discussions

In this section, the influence of surface effects, diameter, length-to-diameter aspect ratio,
and axial load on the vibrational frequencies of a silver-filled SWCNT (Ag@CNT) as
shown in Fig. 7.1 is explored using both Euler and Timoshenko beam models. In this
core-shell structure, the diameter of the NW and encapsulating SWCNT are d1 and d2 =
d1+2e, respectively. e = 0.2734 nm is the equilibrium interfacial spacing between NW
and SWCNT obtained in previous section, and h = 0.35 nm is the SWCNT wall thickness.
In order to reveal the influence of the incorporation of external carbon atoms on the
vibration characteristics of the silver NW, the results of this core-shell structure are also
compared with its constituent parts as shown in Fig. 7.1, i.e., a silver NW and a SWCNT.
The silver NW can be modelled either with or without surface effects. In this study, both
CNT and NW are considered as continuum structures and different arrangement of the
silver atoms in NW and the carbon atoms in CNT are neglected.
In numerical case study, the material property parameters for the silver NW are taken
the same as those in chapter 6 based on Refs. [57] and [71], i.e., E1= 76 GPa, Es = 1.22
N/m and 0 = 0.89 N/m. The Young’s modulus, Poisson’s ratio and mass density for
the SWCNT are taken as E2 = 1 TPa, ν2 = 0.34, and ρ2 = 2.3 g/cm3, respectively [75-77].
The resonant frequencies of all the nanostructures in Fig. 7.1. corresponding to n = 1
predicted by both Euler and Timoshenko beam theories are listed in Table 7.1 for the
encapsulated silver NW with d1=20 nm and 80 nm while the aspect ratio is fixed. By
modelling an individual NW or SWCNT with a single beam, as expected, Euler and
Timoshenko beam theories are able to capture one and two vibration modes, respectively,
for any given axial half-wave number n. Due to the interfacial vdW forces between NW
and SWCNT in Ag@CNT, it exhibits two different modes of vibration from the Euler
beam theory, and four different vibration modes from the Timoshenko beam theory. It is
firstly concluded from this table that the influence of surface effects on the fundamental
frequency (the lowest resonant frequency), which corresponds to the bending deformation
mode, varies with its diameter when the aspect ratio L/d is fixed. For example, for the
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Table 7.1
 Resonant frequencies of simply supported one-dimensional nanostructures
considered in this study with length-to-diameter ratio of 10. There is no axial strain
( = 0) acting on these samples and axial half-wave number n = 1.
Euler (GHz)

Timoshenko (GHz)

d1 = 80 nm
Ag NW

0.8261

0.8117 62.1222

Ag NW with SE*

0.8517

0.8368 62.1234

Ag@CNT with SE†

1.0204 8939.6055

0.9979 62.1227 339.0700 8939.6754

SWCNT

9.0950

8.7779

d1 = 20 nm
Ag NW

3.2610

3.2055 251.6947

Ag NW with SE*

3.6625

3.5999 251.7126

Ag@CNT with SE†

5.8228 8933.5506

5.6691 251.7017 1356.0226 8934.6814

SWCNT
*

†

36.3854

35.1164

340.9164

1363.4833

“SE” stands for Surface Effects
Present model

NW with a relatively larger diameter (d1=80 nm), the fundamental frequency of the NW
without surface effects is 0.8261 GHz which is about 3% less than that of the same NW
considering surface effects; For a NW with a smaller diameter of 20 nm, its fundamental
frequency is 3.2610 GHz which is about 11.31% different from the one considering
surface effects. Almost the same error is observed for the fundamental frequencies
predicted by Timoshenko beam model. However, the surface effects have negligible
influence on the second mode from Timoshenko beam model which corresponds to the
shear deformation mode. It could be explained by the fact that the surface effects
contribute to the effective bending rigidity of the NW. On the other hand, the fundamental
frequency of a SWCNT is calculated as 9.0950 GHz and 36.3854 GHz when d1=80 nm
and d1=20 nm, respectively.
Comparing the fundamental frequencies of the Ag NW and Ag@CNT, it is found that
the coating carbon atoms on the NW surface significantly change the vibrational behavior
of the structure. For example, the fundamental frequency of this core-shell structure is
5.8228 GHz which is about 1.59 times higher than that of an individual NW with
diameter of 20 nm considering surface effects. It is also demonstrated by these results that

135
for the core-shell with fixed aspect ratio L/d, coated carbon atoms on the NW have more
significant effect for the NW with smaller diameter. However, the last resonant frequency
from both Euler and Timoshenko simulations which corresponds to the bending
deformation mode is almost independent of the diameter of the NW.
Considering shear deformation and rotary inertia effects, Timoshenko beam modeling
is able to predict four modes of vibration for the Ag@CNT for any given axial half-wave
number n. It is evident that the first and the forth resonant frequencies predicted by
Timoshenko beam model can also be captured by the Euler beam model, which
corresponds to the bending deformation mode. These two resonant frequencies of the
core-shell structure have big discrepancy with those of the individual NW and CNT due
to the strong vdW interaction. However the second and the third resonant frequencies
predicted by Timoshenko beam model are according to the shear deformation effect, i.e.,
the first shear mode resonant frequency of the Ag@CNT corresponds to the shear mode
resonant frequency of encapsulated Ag NW while the second shear mode resonant
frequency of the Ag@CNT corresponds to the shear mode resonant frequency of the
coating SWCNT.
From Table 7.1, it is observed that the fundamental frequency (the lowest resonant
frequency) of Ag@CNT is higher than that of the individual Ag NW due to the coating
carbon atoms. In addition, the effects of the coating carbon atoms increase with the
decreasing of the NW diameter for fixed aspect ratio L/d. It is natural to believe that the
effects of coating carbon atoms may vary with the NW aspect ratio. Fig. 7.2 plots the
fundamental frequency of a Ag@CNT versus the aspect ratio L/d for both the Euler and
Timoshenko beam models, in which the fundamental frequency is normalized to the Euler
fundamental frequency of a NW without surface effects, i.e., NW,Euler . It can be inferred
from this figure that with the increase of the aspect ratio L/d, the influence of the coating
carbon atoms becomes more significant as evidenced by the increase of the normalized
resonant frequency. The discrepancy between Euler and Timonshenko beam models,
especially for the Ag@CNT with relatively small aspect ratio, indicates that Timoshenko
beam model can provide more accurate prediction for such core-shell structure for a
wider range of length-to-diameter ratios. The normalized resonant frequencies for the first
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1.3

Normalized fundamental frequency,  /  NW, Euler

No axial strain ( = 0)

1.2

1.1

1

Ag@CNT predicted by Euler (present model)
Ag@CNT predicted by Timoshenko (present model)
Ag NW with surface effects predicted by Euler
Ag NW with surface effects predicted by Timoshenko
Ag NW without surface effects predicted by Timoshenko

0.9
3

6

9
12
Length-to-diameter ratio, L/d (d = 80 nm)

15

Fig. 7.2
 Variation of normalized fundamental frequency of simply supported onedimensional nanostructures with L/d under no axial strain. Vertical axis is
normalized to the Euler fundamental frequency of NW without surface effects. Solid
lines represent Euler beam results and dashed lines represent Timoshenko beam
results.
vibration mode of the individual NW based on Timoshenko model is also provided in this
figure for comparison. It is observed that Timoshenko beam model always provides lower
estimation than Euler beam model. With the decrease of the aspect ratio, the shear
deformation becomes more significant as evidenced by the bigger discrepancy between
the results of these two models. It is also suggested by this figure that surface effects are
more pronounced for slender NWs with larger aspect ratio.
When a one-dimensional nanostructure acts as a sensor, it is necessary to study how
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Tensile strain  = 0.001
No axial strain  =0
Compressive strain  = 0.001

Normalized fundamental frequency,  / NW, Euler

1.4

Ag@SWCNT (present model)
NW with SE

1.3

1.2

1.1

1

0.9
3

6

9

12

15

Length-to-diameter ratio, L/d (d = 80 nm)

Fig. 7.3
 Variation of normalized fundamental frequency of simply supported onedimensional nanostructures with L/d under axial strain calculated by Timoshenko
beam model. Vertical axis is normalized to the Euler fundamental frequency of NW
without surface effects. Solid lines represent no axial strain ( = 0), bold dashed line
represent tensile strain  = 0.001, and thin dashed lines represent compressive strain

 = 0.001.
the axial force is sensed by the shift of its resonant frequencies. For the potential
application of Ag@CNT as a sensor, the effect of axial strain on the fundamental
frequency of this core-shell structure is studied and compared with the individual NW as
depicted in Fig 7.3 for both the Euler and Timoshenko beam models. It is observed that
the axial strain shifts the fundamental frequencies for both the Ag@CNT and NW
significantly, i.e., the compressive strain reduces the resonant frequency while the tensile
one enlarges it. Moreover, with the increase of the aspect ratio L/d, the resonant
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frequency shift due to the axial strain is more considerable, which means that a slender
Ag@CNT sensor is more sensitive to the axial strain.
As stated before, four modes of vibration can be captured for a Ag@CNT at any given
value of half-wave number n from Timoshenko beam model. In order to examine the
effects of end boundary conditions and also aspect ratio L/d on these four modes of
vibration, Fig. 7.4 illustrates the variation of the resonant frequencies with the aspect ratio
L/d of this core-shell structure with simply supported (S−S) and clamped (C−C) end
boundary conditions for different half-wave numbers n. It is clearly indicated in this
figure that the boundary condition has more significant effect on the resonant frequencies
of the Ag@CNT with smaller aspect ratio. It is also found that the resonant frequencies of
all these four vibration modes at any given axial half-wave number n decrease with the
increase of L/d and approach to constant values. Therefore, the resonant frequencies of
slender Ag@CNT with higher aspect ratio are less dependent on the axial half-wave
number and end boundary condition.
In particular, when the axial half-wave number n increases, for any given value of L/d,
the frequency shift is the most for the first mode while least for the forth mode. For
example, for a Ag@CNT of L/d = 3 with the S−S end condition, when the axial half-wave
number increase from 1 to 2, the resonant frequency increases by 307.77% from 9.4020
GHz to 28.9362 GHz for the first mode and by 0.028% from 8929.5437 GHz to 8931.996
GHz for the forth mode. Moreover, when the aspect ratio L/d increases, for any given
value of axial half-wave number n, the frequency change in the first mode is much more
significant in comparison with the other modes, especially with the forth mode. For
example, for a Ag@CNT with the C−C end condition and n = 1, by the increase of aspect
ratio L/d from 3 to 15, the resonant frequency decreases by 1863.60% from 18.6488 GHz
to 1.0008 GHz for the first mode and by 0.020% from 8930.5796 GHz to 8928.8000 GHz
for the forth mode. It can be concluded that the forth mode is almost independent of
aspect ratio L/d and axial half-wave number n in comparison to the first mode which is
highly sensitive to these factors. It should be mentioned that the second and third modes
are also sensitive to the axial half-wave number and aspect ratio L/d, but not as much as
the first mode.
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Fig. 7.4
 Comparison of the resonant frequencies of Ag@CNT predicted by
Timoshenko beam model with various end boundary conditions (Simply supported
and clamped) as a function of aspect ratio L/d for different axial half-wave number n
(d = 80 nm). For any given axial half-wave number, 4 modes of vibration are
predicted. For clarity of the results, vertical axis is shown in different scales for each
vibration mode.
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7.4.

Concluding remarks

In summary, an analytical study on the vibration of a NW@CNT through modified EulerBernoulli and Timoshenko beam models with the consideration of surface effects is
provided. The vdW interaction between the silver NW and CNT in Ag@CNT is
accurately described by using the interfacial cohesive Law. The influence of surface
effects, diameter, length-to-diameter aspect ratio, and axial load on the resonant
frequencies of this silver-filled SWCNT is explored. The results of this core-shell
structure are also compared with its constituent components, i.e., an individual silver NW
and a SWCNT, in order to reveal the influence of the incorporation of external carbon
atoms on the vibration characteristics of the silver NW. The main results of the current
work are summarized as follows:
1. Surface effects are more pronounced for the nanostructure with smaller diameter and
larger length-to-diameter aspect ratio. In addition, surface effects have substantial
effect on the resonant frequency of bending mode rather than on the resonant
frequency of shear mode.
2. Coating carbon atoms on the NW surface increases the resonant frequency of the
nanostructure due to the vdW interactions, which is much more significant at the first
vibration mode, particularly for slender samples.
3. The diameter and length of NW@CNT, and the axial load have significant effects
upon its vibrational behavior, which suggests that slender samples as sensors are more
sensitive to axial load.
4. Timoshenko beam model can provide more accurate prediction for such core-shell
structure for a wider range of length-to-diameter ratios.
5. The resonant frequencies of slender Ag@CNT with higher aspect ratio are less
dependent on the axial half-wave number and end boundary conditions.
6. Each vibration mode exhibits different level of sensitivity to the aspect ratio L/d and
axial half-wave number n, for example, the forth mode predicted by Timoshenko
beam model is almost independent of these factors when compared with the first
mode.
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CHAPTER

8

Contributions, Conclusions and
Future Studies

8.1.

Contributions and conclusions

In this thesis, continuum mechanics models are applied to simulate vibration and buckling
behaviour of different nanostructured materials including graphene sheets (GS), carbon
nanotube (CNT), nanowire (NW), and nanowire encapsulated in carbon nanotube
(NW@CNT). These nanostructures, which are increasingly important in a variety of realworld applications such as aerospace, automotive, photocatalysis, lithium-ion batteries
and fuel cells, sensors, electronics, conductors, supercapacitors, MEMS/NEMS and
computers, often have their performance depend on their static and dynamic responses.
In the dissertation, the nonlinear transverse vibration and postbuckling analysis of
embedded CNTs and GSs aroused by nonlinear van der Waals (vdW) forces is studied
accurately and efficiently using elastic continuum mechanics approach. Euler-Bernoulli
and Timoshenko beam theories are used to model single-walled and double-walled CNTs
while classic Kirchhoff plate theory is used to model GSs.
When GSs and CNTs are embedded in polymer matrices, the surrounding medium
effect on their vibrational behaviour was usually described by Winkler linear springs with
different arbitrary values for the stiffness of spring in literature. However, such interfacial
interaction governed by the vdW forces as well as the interlayer vdW interaction between
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adjacent layers is intrinsically nonlinear. In the simulation described herein, the influence
of these intrinsically nonlinear vdW forces derived from the interfacial cohesive law on
the dynamic behaviour of the embedded carbon-based nanostructures is studied for the
first time. The interfacial vdW forces from polymer matrix and interlayer vdW forces
from adjacent layer are described by a nonlinear function in terms of the deflection of the
CNT or GS. Harmonic balance method is used to solve nonlinear equations and develop
parametric and explicit equations for predicting nonlinear resonant frequencies and
postbuckling equilibrium path of embedded CNTs and GSs.
Moreover, surface effects including surface elasticity and residual surface stress on the
mechanical properties of NWs and NW@CNTs are studied. Euler-Bernoulli and
Timoshenko beam models are utilized to predict stiffness, transverse vibration and
buckling load of NWs. The vibration of the NW@CNTs is also studied with the
consideration of the surface effects and the interfacial vdW interactions.
The following points summarize the main contributions made in the dissertation:


For embedded CNTs and GSs in polymers, the nonlinearity of vdW forces from

surrounding medium is incorporated in modeling the mechanical behaviour of CNTs
and GSs for the first time. The more accurate and realistic estimation of vdW forces is
represented by a nonlinear function in terms of the deflection of the CNTs or GSs
which is derived from an already developed atomist-based interfacial cohesive law by
other researchers.


With the consideration of nonlinear vdW forces, elastic continuum models are

applied to accurately and efficiently predict the transverse vibration and buckling of
embedded CNTs and GSs. The results demonstrate how the surrounding medium
influences the vibrational and buckling behaviour of CNTs and GSs. Applicability
and accuracy of different elastic models are identified. The applicability and accuracy
of Euler–Bernoulli and Timoshenko beam models are affected by the surrounding
medium.
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Parametric and explicit equations are developed for predicting deflection-

dependent nonlinear resonant frequencies and postbuckling equilibrium path of
embedded CNTs and GSs through harmonic balance method. Extensive study on the
effects of various parameters, such as axial load, dimensions, mode numbers on the
vibration and buckling of embedded CNTs and GSs are conducted.


In-phase and anti-phase vibration modes are identified and investigated for

DWCNTs and DLGSs. In addition, softening and hardening nonlinearity behaviours
of CNTs and GSs are recognized.


With the consideration of surface effects, traditional beam models are modified to

study the static and dynamic bending of NWs. With the parametric and explicit
formulation, surface effects are found to have a significant influence on the stiffness
and the vibrational behaviour of NWs especially for NWs with small dimensions.


For the core-shell structure NW@CNTs, it is the first time to investigate their

vibrational behaviour with the consideration of interfacial vdW forces and surface
effects. The resonant frequency of these core-shell structures is significantly different
from the resonant frequency of its constituent components.
This detailed analysis on the vibration and buckling is expected to be helpful for
understanding the mechanical behaviour and potential applications of carbon-based
nanostructures in nanocomposites and also design and applications of nanowire-based
devices.
Specific conclusions can be drawn from the results of the current work.
 Due to the nonlinear vdW interaction forces, the resonant frequencies of the
embedded CNTs and GSs are deflection-dependent. Moreover, such nonlinear
vdW interaction forces arouse the dependence of the postbuckling load on the
deflection amplitude.
 The surrounding medium is found to have a significant effect on the vibrational
and buckling behaviour of the embedded CNTs and GSs. For example, the
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surrounding medium effect on the in-phase vibration mode of the embedded
DWCNTs and DLGSs is more pronounced than the anti-phase vibration mode. In
addition, the applicability and accuracy of traditional beam models are affected
by the surrounding medium as well. However, the Timoshenko beam model is
highly recommended for the higher-mode vibration analysis of DWCNTs due to
the effects of shear deformation and rotary inertia.
 Surface effects play a significant role in determining the mechanical properties of
NWs and NW@CNTs, which are believed to attribute to their size-dependent
properties. Surface effects are found to be more pronounced for NWs and
NW@CNTs with smaller diameter and larger length-to-diameter ratios.

8.2.

Recommendations for future works

The author believes that the possible extensions to the research described in this
dissertation are:


Applying the methodologies in the current work to study the mechanical

behaviour of graphene sheets with some other configurations, such as circular and
skewed graphene sheets for particular interests.


Expanding the current model by employing other continuum approaches such as

nonlocal continuum mechanics theory which allows the consideration of the smallscale effects in the analysis of nano-materials, and also higher order continuum
models.


Extension of the present method to generally investigate the mechanical behaviour

of multi-layered GSs and multi-walled CNTs by including the vdW interactions of
adjacent and non-adjacent layers. The practical heterogeneous boundary conditions
should be considered.
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With the potential applications of these advanced nanostructured materials, their

mechanical behaviour may inevitably depend on the ambient temperature or thermal
disturbances. Correspondingly, it would be important to extend this study with the
consideration of thermal vibrations.


Extensive experimental work is needed to validate the theoretical predictions in

the current work.
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